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1. INTRODUCTION

The thesis concerns three independent papers [1]-{3]. All these papers consider dy-
namical systems generated by a continuous function on compact metric spaces. In the first
paper the space is the compact interval, in the rest two papers the space isthe circle.

Thefirst paper gives an example of a continuous chaotic function on the interval which
is not transitive. This disproves a conjecture of Bruckner and Hu [BH].

The second paper is devoted to extension of the notion of distributional chaos also for
continuous mappings of the circle.

The last paper is devoted to developing of maximal w-limit sets and spectral decompo-
sition of continuous mappings of the circle.

2. BASIC TERMINOLOGY AND NOTATION

Throughout this abstract the set of continuous maps from a compact metric space
(X, dist) into itself will be denoted by C'(X, X). Denote by S = R/Z the circle. Re-
cal that the trajectory of apoint x € X under amap f € C(X, X) is the sequence
{f™(z)}2,, where f™ isthe n-th iteration of f. A point z € X iscalled aperiodic point
if thereisak > 1 such that f*(z) = =, smallest such & is called the period of z. The
set of all periods of all periodic points is denoted by P(f). The set of limit points of the
trajectory of « is called w-limit set and we denote the set by w (). Themap f istransitive
(or nomadic) if for any two open sets U,V # () there is a positive integer n such, that
muynv #£0.

For z,y € X and n € N denote by ¢,,(n) = dist(f"(z), f*(y)) the distance of
iterations. We say that f is d-chaotic in the sense Li& York if there is an uncountable set
S C X suchthatforany x,y € S,z # vy

hnm io%f dzy(n) =0
and
lim sup gy (n) =d > 0.

n—oo

Set S iscaled ascrambled set for f, we say that f is extremely chaotic if f is d-chaotic
for d = diamX.
For finthespace C(X, X), z,y € X, real ¢, and any positive integer n define
n—1

D E(x,y,t ZXOt) ny = #{3; 0<Z<nand5fy()<t}a
. 1
2 Fy,(t) = limsup —¢(x, y,t,n),
‘ n—oo T
and
(©)] Fpy(t) = liminf lf(ﬂv, y,t,n),
n— n

where x 4 isthe characteristic function of the set A.

Clearly both F;, , F.,, are nondecreasing functions such that F;, (t) = F.,(t) = 0 for
t < 0,and Fy,(t) = Fyy(t) = 1fort > diamX. We |dent|fy any two nondecreasing
functions that coi ncide everywhere except at a countable set, and adopt the convention to
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chose functions Fyy, Fyy as |eft-continuous. Functions Fy,, Py are called the upper and
lower distribution function of x and y, respectively. A function f exhibits distributional
chaos if there are points z, y € S such that F; (t) = 1 for al ¢ > 0 and there is a point
s € (0,diamX) suchthat F;, (s) > Fiy(s).

Distributional chaos on the interval is supported by basic sets, i.e,, maximal infinite
w-limit sets containing a periodic point. The properties of basic sets on the interval are
well-known. Many of them were discovered by A. N. Sharkovsky (cf., eg., [S1]-{S3]).
Detailed study of basic sets on the interval, extending and improving the Sharkovsky’s
resultisin [BI].

Pointsz,y € S are synchronous if the sets w(«) and wy(y) are contained in the same
maximal w-limit set w and if, for any periodic interval J such that its orbit OrbJ contains
w, thereisaj > 0 suchthat f7(x), f7(y) € J. The spectrum X(f) of f isthe set of mini-
mal elements of the set D(f) = {F,,; x andy are synchronous}. And the weak spectrum
Yo (f) of fistheset of minimal elementsof theset D, = {Fy,; liminf; . dzy(¢) = 0}.

For more terminology see standard books like [Al] or [Bc].

3. COUNTEREXAMPLE OF AN EXTREMELY CHAOTIC FUNCTION

Bruckner and Hu in paper [BH] stated the following result Under Continuum hypothesis
a continuous function F of compact interval is chaotic if and only if f2 is nomadic. In the
paper [1] we conclude that:

Theorem A. If a continuous function of the compact interval has a basic set with a portion
of diameter d thenit is d-chaotic.

Asacorollary of thistheorem the function f : [0, 1] — [0, 1], given by
3z ifxe [0,%];
flz) = 1 ifze(3,2);
3-3zx ifze [2 1]
is extremely chaotic. On the other hand since f is constant on an open interval, neither f
nor f2 cannot be transitive. This disproves the conjecture of Bruckner and Hu.

4. DISTRIBUTIONAL CHAOS FOR CONTINUOUS MAPPINGS OF THE CIRCLE

In the paper [ScSm] Schweizer and Smital introduced the notion of distributional chaos
for continuous functions of compact metric spaces. This kind of chaos was studied by
several authors on different spaces (cf. e.g., [ScSm]). Main theorem in the paper [2] gives
alist of four properties which are equivalent to distributional chaos.

Theorem B. For f € C(S, S), the following conditions are equivalent.

(i) Function f has positive topological entropy.

(i) Function f™ has horseshoe for somen € N.
(iii) P(f™) = N for somen € N.

(iv) Function f exhibits distributional chaos.
(v) Function f hasa basic set.

5. DISTRIBUTIONAL CHAOS AND SPECTRAL DECOMPOSITION OF DYNAMICAL
SYSTEMS OF THE CIRCLE

One-dimensional systems have many propertiesin common, it is natural to ask if result
obtained by Schweizer and Smital in [ScSm] holds aso for dynamical systems on the
2



circle. The paper [3] is devoted to solve this problem. Answer is generally positive, but
there are some very natural exceptions. Since the theory of basic setson the circleis not so
developed asin the case of interval maps (see[BBHS] or [BI], for more details on basic sets
on theinterval) and since distributional chaos is focused on basic sets. It was necessary to
extend theory of basic sets also for continuous mappings of the circle. One of main results
of this work is the following theorem which summarize obtained properties of basic sets
on the circle (similar theorem can be proved also for basic sets on the interval).

Theorem C. Let f € C(S,S), z € S and let © be a basic set. Then

(i) @ isperfect;

(i) ifwy(z) C @, then{y € &; wy(y) = wy(z)} isdenseinw;

(iii) if J isaninterval such that J N @ isinfinite then @ N J contains a periodic point;

(iv) the system of basic setsof f is countable;

(v) if @1 # &9 areindecomposable basic setsand U = Env(@1), V = Env(@s), then
UNV =0,or U andV have at most two points in common, or U C int(V), or
V C int(U); in particular, U # V;

(vi) if @ isindecomposablethen, for every compact interval K contained in theinterior
of Env(®), and every compact interval J such that J N @ is infinite, there is a
k € Nsuchthat f*(J) > K. Wedescribethis situation saying that f|; isstrongly
transitive.

The following theorem (the main theorem in the paper [3]) is spectral decomposition of
dynamical system on the circle (it is similar to the theorem for dynamical system on the
interval up to some necessary modifications, cf. [ScSm]).

Theorem D. Let f € C(S,S).

(A) If the topological entropy of f iszero, then X(f) = ¥4, (f) = {X(0,00) }-
(B) If thetopological entropy of f is positive, then:
(B1) Both the spectrum X(f) and the weak spectrum X, (f) are finite and
nonempty. Specifically (f) = {Fi,...,F,} for some m > 1, and
S\ Zu(f) ={Fm+1,--. , Fn} wheren > m. Furthermore, for each i there
isane; > 0 suchthat F;(e;) = 0.
For any positive integer & < n, let 7, be the system of sets P such that #P > 2
and for any distinct u, v in P, Fj, = Fy, < Fy)) = X(0,00)-
(B2) If k < m, then m; contains a nonempty perfect set Py.
(B3) If, on the other hand, m < k < n then 7 is nonempty and any P in 7
contains two or three points.
(B4) If S is a scrambled set for f (or more generally if, for any u,v in S,
liminf;_, o, d4(7) = 0), then there are integers i, j, k& < m and a decompo-
gtion S = 5; U S; U S, suchthat F,,, > Fyifu,v € S, for 1 € {3, j, k}.
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