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1. INTRODUCTION

The thesis concerns two papers, both of them deal with the spectrum
and the weak spectrum of distributional functions in two separeted cases.
In their paper [8], Schweizer and Smı́tal have defined the notion of distri-
butional chaos for continuous map of interval, the spectrum and the weak
spectrum of a dynamical system. Among other things, they have proved that
in the case of continuous interval maps, both the spectrum and the weak
spectrum are finite and nonempty. The spectrum and weak spectrum were
also studied in paper [5].

In the first paper we generalized result from [8] to a continuous map on a
tree. The second paper is devoted to the spectrum and the weak spectrum of
piecewise monotonic map of interval. Both papers have two parts. The first
part contains the main theorem and its proof. In the second part, we present
examples to show that spectrum will be infinite if we weaken conditions of
our systems.

2. BASIC TERMINOLOGY AND NOTATIONS

Throughout this thesis assume that X is a compact metric space with the
metric d and f is map from X into X , together they from a Dynamical
system (X, f). Recall that the trajectory of a point x ∈ X under a map f is
the sequence {fn(x)}∞n=0, where fn is the n-th iteration of f . A point x ∈ X
is called a periodic point if there is a k ≥ 1 such that fk(x) = x, smallest
such k is called the period of x. The ω-limit set of a point x ∈ X is the set
of accumulation points of trajectory of x and we denote it as ωf (x). We say
that ωf (x) is maximal if there is no y ∈ X such that ωf (x) ( ωf (y).

Based on work of A. N. Sharkovsky in [6, 7], maximal ω-limit set were
characterised and their properties widely studied [1, 2]. If ω-limit set is
finite then it is a cycle. If it is infinite and does not contain a periodic point
then is called a solenoid. The ω-limit set is called a basic set if it is infinite
and contains a periodic point. The last case of ω-limit sets plays crucial
role in distributional chaos. In the case of continuous map on tree and also
in the case of piecewise monotonic map on interval with Markov condition
and generator we have three types of ω-limit set described above.

An arc is a topological space homeomorphic to the compact interval I .
A graph is a nonempty compact connected metric space (a continuum)
which can be written as the union of finitely many arcs and two of which
can intersect only in their endpoints. If a graph does not contain a set
homeomorphic to the circle, it is called a tree. A dendroid is an arcwise
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connected, hereditarily unicoherent continuum (a tree-like continuum).

Let I be a compact interval, a map f : I → I is called piecewise
monotone if there is a finite colection J of pairwise disjoint nondegenerate
intervals {J1, . . . , JN}, such that f |int(Ji) is continuous and strictly mono-
tone, and f is semicontinuous at c ∈ fr(Ji). Endpoints of intervals Ji are
called critical points. Union of intervals from J is equal to I .
We suppose that our piecewise monotonic map satisfies Markov condition
and has generator. We say that piecewise monotonic map f satisfies
Markov condition if for any critical point c one-sided limits are in the set
of critical points. The collection of intervals J is the generator if for every
sequence {ki}∞i=0 of integers ki ∈ {1, 2, . . . , N} the set

⋂∞
j=0 f

−j(Jkj)
contains at most one point. Properties of piecewise monotonic maps were
studied by Hofbauer and Raith [3, 4].

We continue with definitions of the spectrum and the weak spectrum as
were defined by Schweizer and Smı́tal in [8, 9]. Let for x, y ∈ X and for a
positive integer n be δxy(n) = d(fn(x), fn(y)) the distance of n-th iteration
of points x, y. Then for any x, y ∈ X , a positive integer n and any real t, let

(1) ξ(x, y, t, n) = #{i; 0 ≤ i ≤ n− 1 and δxy(i) < t}

where #S is the cardinality of the set S. Put

(2) F ∗xy(t) = lim sup
n→∞

1

n
ξ(x, y, t, n),

(3) Fxy(t) = lim inf
n→∞

1

n
ξ(x, y, t, n).

Function F ∗xy is called an upper distributional function and Fxy is called
lower distributional function. Both F ∗xy and Fx,y are nondecreasing func-
tions with F ∗xy(t) = Fxy(t) = 0 for every t < 0 and F ∗xy(t) = Fxy(t) = 1
for every t > diam(X), where diam(X) is diameter of X .

Let f be a map on space X and x, y ∈ X . Then the pair (x, y) is isotectic
(with respect to f ) if, for every positive integer n, the ω-limit sets ωfn(x)
and ωfn(y) are subsets of the same maximal ω-limit set of fn.

Equivalently, the pair (x, y) is isotectic if ω-limit sets ωf (x) and ωf (y)
are subset of the same maximal ω-limit set ω̃ and if for any f -periodic set
J such that J ∪ f(J) ∪ f 2(J) ∪ · · · ∪ fm−1(J) ⊃ ω̃, where m is the period
of J , there is j ≥ 0 such that both f j(x) and f j(y) belong to J . Note that
this equivavalent definition was introduced in [8] and such points are called
synchronous.
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The spectrum of f , denoted by Σ(f), is a set of minimal elements
of the set D(f) = {Fxy| x and y are isotetic} and the weak spec-
trum of f , denoted by Σw(f), is a set of minimal elements of the set
Dw(f) = {Fxy| lim infn→∞ δxy(n) = 0}.

3. SPECTRUM ON TREE

In the first part of the first paper we deal with spectrum of distributional
functions of a continuous self map on tree.

Theorem A. Let f be a continuous self map of a tree.
(1) If the topological entropy of f is zero, then Σ(f) = {χ(0,∞)}.
(2) If the topological entropy of f is positive, then the both spectrum

Σ(f) and the weak spectrum Σw(f) are finite and nonempty. Specif-
ically, Σ(f) = {F1, . . . , Fm} for somem ≥ 1 , and Σw(f)\Σ(f) =
{Fm+1, . . . , Fn} for some n ≥ m. Futhermore, for each i there is
an εi > 0, such that Fi(εi) = 0.

In the second part of this paper we present example of continuous self
map of a dendroid, where the spectrum and weak spectrum are both infinite.

4. SPECTRUM OF PIECEWISE MONOTONIC MAP

The second paper deals with the case of piecewise monotonic map on
interval. The discontinuity of a map brought us many challenges, since we
were not able to use classic tools for investigation of a continuous map.
In the first part of this paper we show that under certain conditions the
spectrum of piecewise monotonic map is always finite.

Theorem B. Let f be a piecewise monotonic map with Markov condition
and generator, then both the Spectrum Σ(f) and the Weak Spectrum Σw(f)
are nonempty and finite.

We were able to show that our system has positive topological entropy

Corollary C. Any piecewise monotonic map f with Markov condition and
generator has an iteration with horseshoe and consequently f has positive
topological entropy.

In the case of piecewise monotonic map f with generator J , which does
not satysfies Markov condition, we can change the collection J to J ′ such
that J ′ is also generator and f satysfies Markov condition, but J ′ can have
an infinite number of members.

In the second part we present example of piecewise monotonic map,
which has no generator and infinite spectrum.
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