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1. INTRODUCTION

The thesis concerns two independent papers [1] and [2]. The common sub-
jects of both these papers are nonlinear integrable partial differential equations,
their recursion operators and hierarchies of symmetries generated by them.

In the first paper an example is given of a recursion operator and its inverse
having two unusal properties: Both of them are second order integro-differential
operators and each of them lowers the order of symmetries in a half of hierarchy.
The corresponding positive and negative hierarchies consist of local symmetries
alone.

The second paper gives an example of the inverse recursion operator and a
zero curvature representation, both related to nontrivial and nonsemisimple Lie
algebra, for which the relationship between the zero curvature representation and
nonlocal terms in the inverse recusion operator holds as well as in examples in
the simple algebra case known so far.

2. SYMMETRIES AND RECURSION OPERATORS

A real-valued smooth functiof’ : J” — R in ap dependent variables =
(x,...,zP), afinite number of independent variables® and their derivatives
u$, wherel denotes a finite symmetric multiindex in the independent variables,
defined on an open subset of tixth jet space, is calleddifferential functiorof
ordern. A function F' : J* — R, depending on a finite number of derivatives
of order at most, is considered to be a differential function of order

Let F(z,u(™) be a differential function of ordet. Thetotal derivativeof F
with respect tar? is the(n + 1)-st order differential functioD; F' satisfying

F(z, 57 f)

for any smooth functiory : X — R. The total derivatives can be understood
as vector fields o”.

In this and all following sections we will restrict ourself to the case of partial
differential equations of two independent variables:

Consider a system of nonlinear partial differential equations

A“(x,y,u(”)) :07 n= ]-a"'alv (1)

in two independent variables y, whereA,, = A, (z,y, u®, ug,ug, ..., uf),
a =1,...,q, are smooth differential functions of ordardependmg on inde-
pendent and dependent variables and finite number of derivatives of the depen-
dent variables; her&is the symmetric multiindex running over the get y}.

By equation manifold& associated with the system (1) we mean the subman-
ifold of J°° determined by the infinite system of equations

DiA, =0,

DiF(l jz+1f)



where I is running over all symmetric multiindices in independent variables
{z,y}. Note that the total derivativeB,, D, are tangent t& so the equation
itself can be identified with the equation manifold equipped by restricted total
derivatives.

Consider a differential functiod” of z,y, dependent variables’ and its
derivativesu}, j = 1,...,q. Thedirectional derivativeor linearizationof F
alongg-component vectol/ = (U!,...,UY) is given by expression

I OF
telU) =3 = UT.
i ouj
Geometrically, the linearizatiovi€ can be introduced as the vertical vector bun-
dle VE — & with respect to the projectiof — M on the base manifold;
Uk are then additional dependent variables along the fibers of the projection
VE— €.
Variablesz, y, ug, uy, ..., uf, ... are calledlocal. Additional variablesz?,
i=1,...,kare callechonlocal variablesf there are differential functiong?, ¢°
depending on a finite number of local variables such that the system of equations

Z;:fi’ Z;:giv i=1,.. .k )

is fulfilled and system (2) is compatible as a consequence of (1). We do not need
the more general case whgrandg may depend on nonlocal variables as well.

A morphisnof equation manifoldg, £’ is the mapping’ — & which com-
mute with projections to the base manifolds and preserves the total derivatives.
A bijective morphism of equation manifolds is calledisomorphismThe in-
verse of an isomorphism is also an isomorphism. A morpism maps solutions of
the the system to solutions.

A coveringover an equation manifolél is a pair consisting of another equa-
tion manifold€’ and a surjective morphisgf — £. Two coveringsE’, £ are
isomorphicover £ when there exists an isomorphigth— &£ that commutes
with the projections t&€. A covering istrivial if it is isomorphic to one with
fi=0,¢"=0.

One can define aymmetryof (1) as a real-valued, vector-valued or matrix-
valued differential functiol/ that satisfy/A [U] = 0 on solution manifolct of
(2).

MorphismsE — V £ that are section of the bundié&€ — £ corresponds to
symmetries o€. A nonlocalsymmetry corresponds to a morphigih— V&
over&, where€’ is a covering of the original equation.

Consider the system (1) together with equations (2). This pair generates
a covering where€’ = £ x RF is a trivial vector bundle and’, ..., z* are
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coordinates ofiR¥. If %, g' are functions defined off such that vector fields
0 0
0z 0z
commute, thel” with total derivativesD;,, D, is k-dimensional covering over
the equation manifold
Let g be a matrix Lie algebra with associated connected and simply connected
matrix Lie groupG. A g-valued zero-curvature representatiGhCR) for £ is a
g-valuedl-form o = Adz + Bdy defined or€ such that
DyA—D,B+[AB]=0

holds on&, where A, B areg-valued differential functions, which depends on
x,y,w and its derivatives ; and possibly on an essentiapgctra) parametep.
Given an arbitraryz-valued functionH we have another ZCR

ot = AHdz + BH dy,

k k
D,=D,+> f D,=D,+» g
=1 i=1

where

A" = p,HH '+ HAH™', B"=D,HH '+ HBH
The newa! is calledgauge equivalertb o. A ZCR istrivial when it is gauge
equivalent to zero. In such acade= D,HH ', B= D,HH . A covering
&' — £ is said totrivialize a ZCR« if the pullback of« along the morphism
& — Eisatrivial ZCR.

In Olver’s formalism (see [Ol1] for the details), a recursion operator is a lin-
ear integro-differential (pseudodifferential) operator, which maps symmetries
to symmetries. Integro-differential operators involve inverges' of the to-
tal derivative operatoD = D,. Here D! is formally defined by identities
Do D! =id, D7 o D = id. However, the latter identity is actually invalid.
To fix such a weakness, G. A. Guthrie [G] introduced another definition of re-
cursion operator. It was equivalently formulated in [M] as followste&ursion
operatorfor an equation manifold is a pair of coverings, L : R — V&
over the linearizatiov £ of £ such that’ and L commutes with projections of
VEWE.

Given a recursion operat@® for a system of differential equations, we can
generate an infinite hierarchy of local symmetries from any one symriietny
repetitive applyingR to U [OI2]. Since the operatdR is usually a differential
operator of order greater than such a hierarchy consits of increasing-order
symmetries.

According to J. M. Verosky [V], the hierarchy of symmetries generated by a
recursion operator may be extended to the negative direction by inverting the op-
eratorR. The inverted recursion operat® ! generates an analogic hierarchy
of symmetries, which are, as a rule, nonlocal. We call this half of the hierarchy
anegativepart in opposite to the original Olver’s part callpdsitive
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3. CAN WE ALWAYS DISTINGUISH BETWEEN POSITIVE AND NEGATIVE
HIERARCHIES?

In the paper [1] we consider the partial differential equation
Upy = Ulgy + %uﬁ + u, 3)

which is a particular case of the transformed Manna—Neveu generalization [MN]
of the Hunter—Saxton equation ([HS] and [HZ]).

We give two recursion operato?$ and$? for this equation. Namely, we ob-
serve that the right-hand side of the evolution equation

uiEII
(2t + 1)
happens to be a symmetry for (3). This evolution equation can be transformed
into the Harry Dym equation, and this yields the first recursion opefatéor
both (3) and the evolution equation in question. The second recursion oprator
originates from the zero curvature representation for (3) through the procedure
suggested in [MSe].

The operator$t and9t are mutually inverse second order integro-differential
operators. Each of them increases the order of symmetries in a half of hierarchy
and lowers the order in the other ha¥oththe positive and negative hierarchies
consist oflocal symmetries. So, in this particular example, there is no difference
between the positive and negative hierarchy.

Uy =

4. A CONJECTURE CONCERNING NONLOCAL TERMS OF RECURSION
OPERATORS

In the paper [2] we investigate a relationship between the zero curvature rep-
resentation of nonlinear partial differential equation in dimension two and the
algebra of recursion operators. As observed in [MS€R i a "conventional”
recursion operator of an integrable system, then the nonlocal vadabfe)t,

M = (M + \)~! turns out to bey-valued and related to zero-curvature represen-
tation Adz + Bdy in a unique way

\Ilz = [Aa \Ij] +€A[U]7
¥, = [B, Y] + (p[U],
whereU denotes an arbitrary symmetry. The paramatean be identified with
the spectral parameter of the zero curvature representation.
In the examples considered so far the Lie alggbmsas a simple algebra
(or an abelian algebra). However, in the general casg ltdving a nontrivial
solvable part examples seemed to suggest that (4) is invalid.
The simplest counterexample was the inverse recursion operator for the

mKdV equation, considered in [G] and [M]. In [2] this example is revised and
shown that (4) holds.

(4)



Then we consider another equation considered by M. V. Foursov in [F] to-
gether with its direct and inverse recursion operator, both being related to a non-
trivial nonsemisimple algebra. It is shown that (4) is also fulfilled in this case.

These facts suggest universal validity of (4), but further examples are to be
considered.
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