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Differential systemsin higher-order mechanics

O. Krupkova

Abstract. The aim of this paper is to provide a geometric description and classification
of general systems of ordinary differential equations of order s > 1 on fibered manifolds,
and to investigate geometric properties of solutions of these equations. The present set-
ting covers Lagrangian systems, higher order semisprays, and constrained systems (equa-
tions subject to constraints modeled by exterior differential systems). Emphasis is put on
singular systems.
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1. Introduction

The subject of this work are ordinary differential equations on fibered manifolds,
namely, systems of m ODE of order s > 1 for sections y of a fibered manifold (over a
one-dimensional base),

d 2 dS v
Ea<t,y”,L y>=0, 1<v<m,

dt * 777 dt®
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where y¥ are components of . Such equations are modeled by dynamical forms defined
on final jet prolongations of the underlying fibered manifold. We propose a geometric
framework for study these equationsin terms of the so called Lepage classes of dynami-
cal forms and their dynamical distributions. On the basis of the properties of dynamical
distributions we provide a geometric classification of ordinary differential equations
reflecting properties of their solutions.

Emphasisis put on singular equations. In this case the dynamical distribution need
not have a constant rank, and consequently, need not be spanned by a system of contin-
uous vector fields (which means that the corresponding dynamics generally cannot be
described by a vector field, or by a system of vector fields). Dealing with singular sys-
tems we are faced with a new non-trivial question—to clarify the structure of solutions
of the dynamical distributions, i.e., the “dynamical picture”. For regular systems this
question is solved trivially—the dynamicsis represented by a one-dimensional foliation
of the “phase space” (i.e., the manifold where the dynamical distribution is defined). To
answer this question in general it is reasonable first to classify dynamical distributions
with respect to their geometrical properties. In this way one could distinguish between
systems with relatively simple dynamical distributions (e.g. horizontal, of a constant
rank, etc.), and systems the dynamics of which cannot be studied easily with help of
Frobenius theorem. Based on this classification, an integration algorithm (the so called
constraint algorithm) for highly singular dynamical distributions is proposed. I|mpor-
tant classes of equations, namely variational equations (i.e., equations which can be
identified with Euler—L agrange equations of certain Lagrangians), and equations which
can be modeled by semisprays are incorporated within this scheme, and their specific
properties are discussed. In this respect the paper generalizes some recent works on
second and higher order ODE, e.g. [31], [36], [39], [49], [50], [52], [53], [62-64]. The
present setting covers aso the so called higher order constrained systems, which arise
as ageneralization of systems with holonomic and nonholonomic constraints of classi-
cal mechanics (cf. eg. [15], [35], [37], [41], [46], [47], [50Q], [51], [55] and references
therein for the first order, and [11], [19], [38], [42], [48], [58], [59], [61] for higher order
constraints). The main point is that constraints of order r are modeled as a fibered sub-
manifold of the fibered manifold J'Y, endowed with a distribution (of a constant rank,
generally non-involutive). Equivalently, the constraint structureis represented by means
of a(regularly not closed) ideal of differential forms on a fibered manifold. Differential
equations subject to constraints are then represented, roughly speaking, by means of
classes of Lepagean 2-forms modulo the constraint ideal. Unconstrained systems and
holonomic systems then correspond to the case when the constraint ideal istrivial.

The present work is both a review and research paper. The exposition summarizes
and develops concepts and results from [30], [32], and [35-38]. The plan of the paper is
asfollows. In Sec. 2 weintroduce notations and briefly recall basics on jet prolongations
of fibered manifolds, and vector fields and differential forms related with the fibered
structure. We also recall basic concepts from the theory of distributions of nonconstant
rank, frequently used throughout the paper. Secs. 3 and 4 present a general framework
for the theory of systems of higher order ordinary differential equations on fibered man-
ifolds. Similarly asin [38] weintroduce the main objects—Lepage classes of dynamical
forms and related dynamical distributions, globally representing the family of ODE of
any finite order. Within this setting, the equations are naturally locally extended to the
so called Hamiltonian systems. In this way, the problem of study the solutions (paths)
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of the equations is transferred to the geometrically well-defined problem of study the
corresponding dynamical distributions. On this basis, a geometric classification of the
equations, aswell as basic properties of the solutions arising from this classification are
presented in Secs. 5 and 6, and an agorithm for finding one-dimensional integral man-
ifolds of generally noncontinuous distributions of a nonconstant rank (possibly greater
than 1) isproposed in Sec. 7. This part of the paper isadirect generalization to arbitrary
ODE of the corresponding results on variational equations, presented in [36] (cf. also
[30], [32]). Lagrangian (variational) systems are then subject of Sec. 8, where also some
additional properties connected with the existence of Lagrangians are discussed. Sec. 9
brings concrete examples of application of the constraint algorithm for solving “highly
singular” distributions. In Secs. 10 and 11 the theory of higher order “ equations with
external constraints’ , developed in[38], isbriefly recalled. The constraint structure on a
fibered manifold, generalizing the well known concepts of holonomic, semiholonomic,
and (general) nonholonomic constraints from classical mechanics, is introduced. It is
shown that with help of the arising constraint ideal the theory of (higher order) equa-
tions subject to (higher order) constraints can be set and processed as a particular case
within the general setting of the geometric theory of higher order ODE presented in the
preceeding part of the paper. It should be stressed, that the theory works in the general
situation, i.e., neither the unconstrained nor the constrained equations must be supposed
to have a particular structure (such as semispray and/or Lagrangian), and no additional
restrictions on the constraints have to be assumed. This enables us to study directly dif-
ferent properties of the constraints and constrained systems, e.g., regularity conditions,
Hamiltonian extensions, if (and when) a constrained system is Lagrangian, and other
important questions arising within the theory of constrained systems.

2. Basic structures

If not otherwise stated, the manifolds and mappings throughout the text are smooth,
and the summation convention is used. We use the symbols T for the tangent functor,
J" for the r -jet prolongation functor, id for the identity mapping, * for the pull-back,
d for the exterior derivative, and i for the inner product. Other notations are explained
when first used.

We use fina jet prolongations of fibered manifolds over one-dimensional bases, and
the corresponding calculus of horizontal and contact forms (see e.g. [25], [26], [36] or
[54] for review). In this section we recall basic concepts and fix notations.

Let 7 : Y — X be afibered manifold, dmX = 1, dmY = m + 1. In what
follows, fiber coordinates will be denoted by (t, q°), where 1 < o < m. A mapping
y © X — Y defined on an open subset U C X is called a section of the fibered
manifold = if the composite mapping 7 o y isthe identity mapping of U. Forr > 1
we denote by 7, : J'Y — X, ther-jet prolongation of the fibered manifold =, and
by k@ 'Y — JKY,k > 0, k < r, the corresponding canonical projections (here
we identify JOY with Y). The r-jet prolongation of a section y : U — Y of 7 is
denoted by J'y; it is a section of 7. Clearly, not every section of =, is of the form
of the r-jet prolongation of a section of 7. We say that a section § of 7, is holonomic
if there exists a section y of = such that § = J"y. If (t,q°) are fiber coordinates on
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V C Y, we have the associated coordinates (t, °, g7, ..., g7) onV, = nrjolv defined
by g7 (Jry) = (d¥y?/dth), 1<k <r.

A jet prolongation of a fibered manifold 7,,r > 0, is often called an anholonomic
prolongation of 7. In this paper we shall work with the first jet prolongation of the
fibered manifold 7s_1, S > 2 then the associated fibered coordinates on J1(Js~1Y)
will be denoted by (t, qj’,qﬁl), l<o<mO<j=<s—1

A vector field £ on Y is called w-projectable if there exists a vector field &, on X
such that Tr.& = & o m. If, in particular, & = O then & is called w-vertical. For a
m-projectable (respectively, -vertical) vector field £ on'Y one hasin fiber coordinates

0
0q°

]
_ 07 o
E=50 +¢

where £° arefunctionsof (t, g*), and the £° depend only ont (respectively, £° = 0). The
r -jet prolongation of a-projectable vector field £ on Y isavector field J’€ on J'Y,

L N
T oot &7 agr

where the components 7,1 = 1, ..., r, are defined by the recurrent formula
o dEia—l dso o
T

Let n bea p-formon J'Y. We say that 5 is 7, -horizontal if izn = O for every ;-
vertical vector field & on J"Y. Similarly,  is said to be n; -horizontal, 0 < k < r,
if i;n = O for every n, \-vertical vector field on J"Y. From these definitions we get
that, in particular, a 1-form 5 is ;-horizontal if its representation in every fiber chart
resdsn = f(t,q°%, ..., q7)dt, and a2-form  is 7, o-horizontal if its representation in
every fiber chart contains only the wedge products of dt and dg”’swith the components
possibly dependent upont, g%, ..., q°.

Let n beag-form, g > 1,0n J"Y . For every point y = Jit1y € J'+1Y, and every
system of vector fields &y, ..., & € T, J" 1Y we set

hn (3 y) G0 &)
=0Ty - Targa-&1,... Ty - Trrga - &g).
Evidently, hn isam; ;1-horizontal g-form on J**1Y. If f isafunction on JSY we set
hf (3 y) = F(0p).

The mapping h is called horizontalization with respect to the projection . For comput-
ing horizontalization one can utilize the following formulas:

hdt = dt, hdq]’ :qj“Hdt, O0<j<r, hf=fomiyy,

df df  of & of
hdf = —dt, — = — — 01
=5 @ = a +§ aqy I+t

Apparently, if nisal-formon J"Y then J"y*n = J" 1y *hy for every section y of .
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A formnon J'Y iscaled contactif J"y*n = Ofor every section y of 7. Notice that
every g-formfor g > dimX iscontact. In particular, a2-form n iscaled 1-contact if for
every mr,-vertical vector field £ the 1-form g7 is horizontal, and it is called 2-contact if
ign IS contact.

Put

(2.1 o] =dgf —qf,;dt, 1<o<mO0<j<r.

The 1-forms (2.1) are obviously contact, and they form a basis of contact 1-forms on
Jr+1Y. Notice that the forms dt, «°, ..., w?_,,dg? form a basis of 1-forms on J"Y
adapted to the contact structure. We shall frequently make use of this basis.

Every 1-form n on J"Y admits a unique decomposition into a sum of a horizontal
and contact form. In fibered coordinateswhere n = f dt + f9dq® +--- + f' dq? this
decomposition reads

man = (F+ 1007+ o7 ) dt+ 0" + -+ frof.

We denote by pr the contact part of ,i.e., pn = fow’+-- -+ f! w?. Similarly, every 2-
form n on J"Y admits a unique decomposition into a sum of a 1-contact and 2-contact
form. We denote by pin and pon the 1-contact and 2-contact part of #, respectively.
Thus, for a2-formn on J'Y we write

1, = P1n + P2n.

Non-vertical vector fields annihilating (all) contact 1-formson J'Y are called semis-
prays of order r. In fibered coordinates they take the form

¢ £<a+r§_l¢’ _ +¢ 8)
=60\ 57 j+1l a0 o |
o = *agr 7" ag

where at each point {p # 0,and {7, 1 < o < m, arefunctions on an open subset of J"Y.

Finally let us recall basic concepts of the theory of distributions which will be fre-
quently used throughout this paper. For more details we refer, e.g., to [2], [36], or [43].
Let M be a smooth manifold. By a distribution on M we mean a mapping A assign-
ing to every point x € M avector subspace Ay of the vector space TxM. The function
rank A : M — R, assigning to every point x € M the number dimA, will becalled rank
of the distribution A. If this function is constant (respectively, constant on each con-
nected component of M) we say that the distribution is of a constant (respectively, lo-
cally constant) rank. A distribution can be defined by a system of (local) vector fields, at
each point spanning the vector space Ay, or by asystem of annihilating 1-forms. If A is
adistribution we denoteits annihilator by A% themapping A°: x > M — A% c T*M
issaid to be a codistribution on M.

We say that A is continuous (respectively, smooth) if it can be spanned by a system
of continuous (respectively, smooth) vector fields. Since the rank of a continuous distri-
bution isalower semicontinuous function on M, asmooth distribution of anon-constant
rank cannot be defined by means of continuous one-forms, and conversely, a distribu-
tion of a non-constant rank defined by means of smooth one-formsis not continuous.

Animmersion f : Q — M iscalled anintegral mapping of A if

f*o=0 foralwe A"
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A connected submanifold Q of M of dimension g is called an integral manifold of A,
if the canonical inclusioni : Q — M isanintegral mapping of A. A distribution A on
M iscalled completely integrable if through every point X € M there passes an integral
manifold of A of maximal dimension (i.e., such that dimQ(x) = rank A(x)).

The geometric structure of solutions of completely integrable distributions is de-
scribed by foliations. More precisely, maximal integral manifolds of a completely in-
tegrable distribution on M form a foliation of M, and the leaves of this foliation are
immersed submanifolds of M. If the distribution has a constant rank then all the leaves
of the corresponding foliation are manifolds of the same dimension, in general however
the dimensions of the leaves may differ. The existence of afoliation means in particu-
lar that (i) through every point of M there passes a unique maximal integral manifold
of A, (ii)if f: Q — M isanintegra mapping of maximal dimension then f(Q) isa
local diffeomorphism onto an open subset in aledf, (iii) if f : Q — M isan integral
mapping and rank A = const then f isanimmersion of Q into aleaf of the foliation.
One should note, however, that a completely integrable distribution of a non-constant
rank may possess integral mappings (of dimension less than maximal) which intersect
different leaves.

For distributions of a constant (locally constant) rank one has the famous Frobe-
nius Theorem stating necessary and sufficient conditions of complete integrability. Asa
consequence, for acompletely integrable distribution A of aconstant rank, k, in aneigh-
borhood of every point x € M there exists an adapted chart to the associated foliation.
In this chart, maximal integral manifolds of A are given by the equations

XKL — gl XN =",

where ct1, ... ¢ are constant functions. Maximal integral manifolds of a distribu-
tion of a constant rank can be found by means of symmetries (for different geometric
integration methods see e.g. [14], [31], [36], [39], [44], [62-64]).

In this paper we shall deal mostly with distributions of nonconstant rank defined
by smooth one-forms. The structure of solutions of such distributions is rather compli-
cated, and no general integrability theory isavailable. We shall show in Sec. 7 that local
solutions can be effectively found by means of the so called constraint algorithm.

An important example of distributions is connected with smooth 2-forms. Let o be
a (smooth) 2-form on M. Denote by V(M) the system of all vector fields on M. There
arises a distribution, D, called the characteristic distribution of «, defined by means
of the system of (local, generally not continuous) vector fields such that i,oc = 0. The
annihilator D° of D is spanned by the (smooth) 1-forms

iz, where& runsover V(M),

and is called the associated system of . Notice that at each point x € M, rank a(X) =
corank D(X).

Two distributions A; and A, on M are called complementary if at each point x € M,
A1(X) & Az(x) = TxM.

A distribution on afibered manifold is called vertical if it is spanned by vertical vec-
tor fields only. A distribution complementary to a vertical distribution is called weakly
horizontal.
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3. Lepage classes and dynamical distributions

A 2-form E on J%Y,s > 1, is caled a dynamical form if it is 1-contact and 7 o-
horizontal. This meansthat E isadynamical form if in every fiber chart

3.1 E=E,(t.q9",0;,...,05)dg’ Adt.

A section y of  iscalled apath of E if E o J3y = 0. In fiber coordinates this equation
represents a system of m ordinary differential equations of order s,

) d)/v dsyv _o
dt 7 At ) T

for the components " (t), 1 < v <m, of y.
Denote by Agf(JsY) the set of dynamica forms on J5Y with the components E,
affine in the derivatives of order s, i.e., in every fiber chart given as follows:

B3 E,=A(t0"....,00 )+ Bs(t.q",...,0] )as.

(B2 E, (t, y

3.1.Remark. (i) Onecan easily check that AZ(JSY) iscorrectly defined. Namely, if
(V, ¥) and (V, ) aretwo overlapping fiber charts, and if therestriction of E to ns‘(}(V)
belongsto AZ (7754 (V)) then the restriction of E to 53 (V) belongsto AZ% (755 (V).

(ii) Throughout this paper we shall always suppose that a dynamical form E is of
the form (3.3). Notice, however, that restricting to dynamical forms affine in the highest
derivatives means in fact no loss of generality. Indeed, if adynamica form E on JSY
does not belong to A2, (J8Y) then it belongs to A2, (J5*1Y), i.e, it is “affine in the
highest derivatives” if considered asaform on JSt1Y.

Let usturn to ageometric description of the equations for paths of adynamical form
of order s in terms of (generally local) distributions on JS~1Y. To this purpose we shall
first assign to every dynamica form E € AZ%(JSY) local classes of 2-forms of order
s—1.

Let W C J"Y be open. We say that a 2-form « on W is a (generalized) Lepage
2-form of order r if its 1-contact part p;« isadynamical form. Two Lepage 2-forms o’
and o with the same domain of definition W will be called equivalent if p;a’ = pro
(note that forms equivalent in this sense are equivalent also in the sense of the Krupka
variational sequence [27-29]). For aLepage 2-forma on W C J'Y put

(3.4) Ag = spanfiz« | £ runs over the set of all rr; -vertical vector fieldson W}.

A% is a codistribution on W, it will be called the dynamical codistribution of «. The
corresponding distribution A, will be then called the dynamical distribution of «.

Lets > 2. Every dynamical form E € AZ(J®Y) can be represented by local equiv-
alence classes of Lepage 2-forms of order s — 1. The family [«] of Lepage 2-forms
defined on open sets of JS~1Y such that for every « € [a], pio = E on the domain of
definition of «, is called the Lepage class of E of order s — 1 [38]. In fiber coordinates,
the Lepage class of E isrepresented asfollows: If (V, ¥), ¥ = (t, q°), isafiber chart
on'Y thenon Vs_3 = . o(V),

(35  a=0" A(Adt + B,ydgg y) + 1,
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where

S—

(3.6) n= Z Filw® A wj

i,j=0

is an arbitrary 2-contact 2-form. The corresponding dynamical codistributions A are
locally spanned by the following 1-forms.

s—2 s—2
37)  Asdt+) 2F% el +B,dql,, By’ Y Flof, 1<i<s-2
j=0 j=0

Notice that A, need not be of a constant rank, but rank A, > 1 at each point of Vs_;.
For adynamical form E of order 1 the above construction provides us with a Lepage
class defined on J1Y, which obviously is of the form

o=’ A(Adt + B,,dq") + F,0° A",

However, the situation may even simplify asfollows:

3.2. Theorem. Let E € A%(J'Y) beadynamical form. There exists a Lepage class
of E of order zero (i.e, defined on Y) if and only if (in every fiber chart) the matrix

0E,
3.8 B=(B,,) =
38 (Bov) <8qf>

is antisymmetric. The Lepage class of E of order zero consists of a unique Lepage 2-
forma on Y. Infiber coordinateswhere E = (A, + B,,4") dq° A dt, one has

39) «=A,dg’ Adt+1B,,dq° Adg.

Proof. Let E € A%(J'Y), and denote E = (A, + B,,4")dg® A dt in a fiber
chart VonY. Let « bea2-formon V, « = «,dg° A dt + «,,dq” A dg’. Since
pra = (ay + (05 — @ye)q") dg® A dt, the condition E = pya gives

a = As, Byy = oy — 5.

Hence, the matrix B is antisymmetric. Obviously, if B is antisymmetric in a fiber chart
on'Y, it is antisymmetric in every fiber chart on Y. Conversely, if the matrix (3.8) is
antisymmetric we obtain by (3.9) aLepage class of E.

Let E satisfy the antisymmetry condition. Then putting (3.9) in afiber chart V on Y,
one gets a Lepage 2-form of E over V, which is obviously unique. Moreover, transfor-
mation properties of the functions B,, show that the form po« iswell-defined, proving
the global existenceof «. [

3.3. Remark. For simplicity of notations, from now on we shall suppose that s de-
notesthe“ true order” of a dynamical form E in the sense that the lowest possible order
for the corresponding Lepage class of E iss — 1. More precisely,

(i) fors > 3, E € A%(J%Y) meansthat E ¢ AZ(JS1Y),

(i) E € AZ%(J?Y) means that either E ¢ AZ(J'Y), or E € AZ(J'Y) but its
Lepage class is not projectable onto Y (E does not satisfy the antisymmetry condition
of Theorem 3.2), and

(iii) E € A%(JYY) means that E is representable by a unique Lepage form on Y
(cf. Theorem 3.2.).
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In what follows, the Lepage class [«] associated with a dynamical form E € A%
(J%Y) is caled a mechanical system, and the number s — 1 is caled the order of the
mechanical system [«]. The manifold Y is called the configuration space, accordingly,
Js~1Y iscalled the phase space for E. The class of the corresponding dynamical distri-
butions is denoted by [A,]. Note that every mechanical system of order zero is repre-
sentable by aunique and global Lepage 2-formon'Y.

We can immediately see that for equivalent Lepage 2-forms the holonomic integral
sections of their dynamical distributions coincide. Moreover, if [«] is the Lepage class
of E then the set of holonomic integral sectionsof any dynamical distribution A, locally
coincideswith the set of paths of E. Summarizing, we easily get the following equations
for paths of adynamical form.

3.4. Theorem. Let E be a dynamical form on J3Y where s > 1, [«] its Lepage
classon JS71Y. Let y : | — Y bea section of 7, defined on an open set | ¢ X. The
following conditions are equivalent:

(1) y isapathof E.

(2) E vanishesalong J3y,i.e, Eo J5y = 0.

(3) For every ms_s-vertical vector field £ on JS~1Y and every element « of [«] such
that 35~y (1) N doma # ¢, y satisfies the equation

(310) Jsly*i;a=0.

(4) For every ms_;-projectable vector field £ on J5~1Y and every o e [«] such that
J5ly (1) ndoma # @, y satisfiesthe equation J5~y*i: a = 0.

(5) For every vector field £ on JS1Y and every « e [«] such that JS~1y(1)N
doma # @, y satisfiesthe equation J51y*iz o = 0.

(6) In every fiber chart, y satisfies the system (3.2) of m ordinary differential equa-
tions of order s for the components y*, 1 < v <m, of y.

4. Hamiltonian extensions of a mechanical system

By Theorem 3.4, paths of a dynamical form E can be interpreted as holonomic inte-
gral sections of the dynamical distributions associated to E (item (3)), or, equivalently,
as holonomic integral sections of the characteristic distributions of the corresponding
Lepage 2-forms (item(5)). Moreover, localy the paths do not depend on the choice of
the 2-form « from the Lepage class [«] of E.

The set of holonomic integral sections of the dynamical (respectively, characteristic)
distribution of aLepage 2-form isasubset of the set of all itsintegral sections, and these
sets are generally different. Moreover, distributions corresponding to different equiva-
lent Lepage 2-forms possess different sets of integral sections. Thus, inspired by the
classical mechanics, we can introduce the following concepts.

Let [«] be a mechanical system of order s — 1, let « be a representative of [«],
doma = U c J51Y, and A, the corresponding dynamical distribution. The 2-form
o will be called a Hamiltonian systemrelated to E. Integral sections of the distribution
Ag, i.e., local sections § of the fibered manifold rs_; passingin U and such that

@41)  §tia=0
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for every ms_;-vertical vector field £ on U, will be called Hamilton paths of E. Equa-
tions (4.1), which are first-order ODE for § will be called generalized Hamilton egua-
tions.

Let us now consider the 1-jet prolongation of the fibered manifold 7s_; : JS71Y —
X, i.e., the fibered manifold (7r5_1); : J*(J°"1Y) — X. To avoid confusion, we shall
usethe notation h (resp. p, resp. p,) for the horizontalization (resp. contactization, resp.
1-contactization) with respect to the projection r5_1. According to Theorem 3.2, the 2-
forma onU c JS~1Y isthe unique representative of a Lepage class of order zero (with
respect to the projection rs_1). This Lepage classis associated with the dynamical form

(42) HO! = r)laa

which is defined on (rs—1)15(U) € J*(IS71Y). Theform H,, will be called aHamilton
formrelated to E.
Directly from the definition of Hamilton form we obtain the following:

4.1. Proposition. Let E be a dynamical formon JSY, o a representative of its Lep-
age class defined on U ¢ JS1Y. Then for every ms_;-vertical vector field £ on U,

(43) i\]ls H(x = FHSCX
Conversely, if for a 2-form n the relation i ji: n = F]ig()[ for every ms_1-vertical
vector field & holds, then n = H,,.

Using a fiber-chart expression of «, and denoting the associated coordinates on
JYIY) by (t,9°,...,092 1,99, ..., A 1), We get for the Hamilton form the fol-
lowing formula:

[any

.
H, =Y H!(x)dg® Adt,
(4.4) = ,
) ] s—1—i )
Hi(@) = E, 8% + > 2FX (a0, — ay,y).
k=0

Theorem 3.4 applied to the dynamical form H,, gives equivalent expressions for the
generalized Hamilton equations:

4.2. Theorem. Let E € AZ%(J°Y) be a dynamical form, [«] its Lepage class of
order s — 1. Let H, = P be a related Hamilton form defined on an open subset of
JY(J571Y). Let § be a (local) section of ms_, passing through doma. The following
conditions are equivalent:

(1) 6 isaHamilton path of E.

(2) The Hamilton form A, vanishesalong J%6, i.e., H, o J'§ = 0.

(3) For every mrs_q-vertical vector field & on J5-1Y, §*iz o = 0.

(4) For every mrs_1-projectable vector field £ on J5-1Y, §*iz o = 0.

(5) For every vector field &£ on J571Y, §*i; & = 0.

(6) In every fiber chart, § satisfies the system of ms first-order ODE,

(45 Hl(@)oJds=0 0<i<s—1l1l<o<m,
where H] («) are given by (4.4).
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In order to understand relations between a given mechanical system and an associ-
ated Hamiltonian system it is necessary to clarify relations between paths and Hamilton
paths. Obviously, in general, paths are not in one-to-one correspondence with Hamilton
paths, since among Hamilton paths there may appear sections which do not correspond
to any solution of the original equations. However, apparently, a set of Hamilton paths
contains al (prolonged) paths; more precisely, the following assertion holds.

4.3. Proposition. Let E be a dynamical form of order s, o an associated Hamilto-
nian system defined on an open set U ¢ JS~1Y. Then the paths of E passingin U are
in one-to-one correspondence with the holonomic Hamilton paths.

In view of the above proposition we shall also say that equations for paths describe
proper dynamics and generalized Hamilton equations describe extended dynamics. Ac-
cordingly, each (local) Hamiltonian system associated with E will be called a (local)
Hamiltonian extension of E.

5. Geometric classification of Hamiltonian extensions of ODE

In the previous section we have associated with a mechanical system (represented by a
dynamical form E of order s, or by aLepage class[«] of order s—1) afamily of different
Hamiltonian systems, represented by local dynamical forms of order 1 with respect
to the projection 7s_;. This means that now we have the possibility to study instead
of the original dynamics (represented by local sections of ) certain new dynamics
given by Hamilton paths which are local sections of s_;. According to the definition,
generalized Hamilton equations represent a system of sm first-order ODE of the form

(51) Fx=b,

where x stands for the components of a section § of ms_1 (i.e, X, = g o), and F
is a matrix which generally need not be regular. If F is regular then these equations
become equations for integral sections of a (nowhere zero smooth) vector field, hence
are completely integrable (in the sense of the Frobenius Theorem) and their solutions
are obtained if in aneighborhood of each point sm independent first integrals are found.
Moreover, in this case, obviously, paths and Hamilton paths locally coincide, i.e., equa-
tions for paths and the corresponding equations for Hamilton paths are equivalent. Un-
fortunately, in general, the situation is much more complicated. If the matrix F is not
regular one has to find integral sections of a distribution of generally a nonconstant
rank greater than 1, spanned by a system of (smooth) 1-forms. In such an unpleasant
case, however, adistribution cannot be spanned by a system of continuous vector fields,
i.e., Hamilton equations can no more be interpreted as equations for integral sections
of avector field. Consequently, no integrability theory is available (neither Frobenius-
Sussmann-Viflyantsev theorem can be applied to obtain integrability conditions, nor
first integrals can be used for finding the solutions).

In order to be ableto deal with the general situation, it is convenient to provide ageo-
metric classification of higher order ordinary differential equations, based on geometric
properties of the corresponding dynamical and characteristic distributions, as follows.
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Consider adynamical form E on J5Y, s > 1, and let o be its Hamiltonian extension
defined on an open subset W c JS~1Y. Wedenote by D, the characteristic distribution,
i.e., the distribution on W annihilated by means of the one-forms

(5.2 i, Wwhereé& runsover the set of all vector fieldson W,

or equivalently, spanned by vector fields ¢ such that

(5.3 ira=0.

It is easy to seethat the annihilator of D, takesthe form

(54) DY =span{no.no.m,.1<i <s—1,1<o <m},
where

s—2 s—1 s—1
o= (Aa -3 o q) d - 55 2k g, dee.
k=0

i=1 k=0

s—2
(55 1o =Adt+ ) 2FXwy + By, dql
k=0

s—1
n, =Y 2FXwy, 1<i<s—11<o=<m
k=0

v

Therank of thedistribution D, isgenerally nonconstant, and at each point x € JS~1Y,
(5.6) corank D, (X) = rank a(X).

We shall call the vector fields satisfying (5.3) Hamilton vector fields related to «. Notice
that since we suppose o be smooth, Hamilton vector fields need not be continuous.

The characteristic distribution is a subdistribution of the dynamical distribution,
D, C A,, Since

67 Al=span{n,.n,,1<i<s-11<o<m}.

By Theorem 4.2 and Proposition 4.3 we can see the geometric meaning of the dis-
tributions D, and A,:

5.1. Proposition.

(1) A section § of ms_; is an integral section of A, if and only if it is an integral
section of D,,.

(2) Integral sections of each of the distributions A, and D,, coincide with Hamilton
paths. Holonomic integral sections of A, aswell as of D, coincide with the (s — 1)-th
prolongations of paths.

Roughly we can say that, though generally different, the distributions D, and A, “in-
tersect on Hamilton paths”. The following theorem shows that both the distributions D,,
and A, are useful for ageometric classification of higher order ODE, and that especially
the difference between them can be helpful in understanding “singular” systems.
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To this end, consider the matrices
(5.8) B = (B;)), (BIA) = (Bsy, As),

where the | eft (resp. right) index numbers rows (resp. columns), and

_ ik [ 2F% A,
(5.9 F=(@2F)), (FIA) = ( 2Fj,"§ 0
where the left indices o, j,1 < 0 <m,0 < j < s— 1, number rows, and the right
indicesv, k label columns, 1 <v <m,0<k <s-—1.
Now, we can prove a theorem fundamental for learning the structure of Hamilton
paths.

5.2. Theorem. Let o be a Hamiltonian system defined on an open set W ¢ JS~1Y,
let x € W be a point. The following five conditions are equivalent:

(1) The characteristic distribution D,, of « isweakly horizontal at x.

(2) The dynamical distribution A, isweakly horizontal at X.

(3) Ax(X) = Dy (X).

(4) At x, the equation i, « = 0 has a nonvertical solution ¢y.

(5) rank F(x) = rank (F|A)(X).

If the condition rank B(x) = rank (B|A)(x) holds then any of the above assertionsis
satisfied.

Proof. (1) = (2),sinceD, C A,. Next, (1) and (4) are obviously equivalent.

(2) & (5): Let & be a (not necessarily continuous) vector field belonging to A,
defined in aneighborhood U of x, and such that Trrs_1.£ # O at x, let

RCLI pra
ot =) aqy

be afiber-chart expression of £. By assumption, & satisfies the equations
s—2 s—2
(A‘7 B Z 2F<95 ql‘()+1> EO + Z 2F005 éll) =+ Bav %.Sv_l = O,
k=0 k=0

(5_10) s—2 ) s—2 ] -
—ZZF(',‘;q;HgOJrZZF;';é;:O, l<o<ml<i<s-—2,
k=0 k=0

_Bavq:‘l_jso + Bauév =0.

Without loss of generality we can assume £°(x) = —1. Hence, at x we obtain a system
of ms linear non-homogeneous algebraic equations for ms unknowns &7 (x). Since the
matrix of the system is equivalent to the matrix (F|A)(x), we get from the Frobenius
theorem on the existence of solutions of algebraic equations that rank F = rank (F|A)
at x. Conversely, if (5) holds, then by Frobenius theorem at the point x there exists a
solution £(x) to (5.10) satisfying £°(x) = —1. Hence, £(X) € A, (X) proving (2).

3 < (5): Suppose (3). Then ne(x) is a linear combination of the 1-forms
nﬂ,(x),o <i <s-11 < o < m. Sincethe matrix of the generators of D, is
equivalent to the matrix
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(5.11) (; g>

where the submatrix (F|A) is the matrix of generators of A,, we get that the last row
has to be a linear combination of the other rows (at x). Consequently, considering the
condition F'¥ = —FKk which holds for F, we get that (at x) the last column of the
matrix (5.11) isalinear combination of its other columns. This meansthat at x

rank (Z 'g) = rank (F|A) = rank (K) = rank F.
Conversely, if the condition rank F(x) = rank (F|A)(x) holds then, by the same argu-
ments as above, D, (X) is spanned by the forms ni,(x), O<i<s—11<o<m
Hence D, (X) = Ay (X).

It remainsto show (2) = (1), which, however, is now trivial.

Finally, looking at the matrix F we can see that rank B(x) = rank (B|A)(x) means
that rank F(x) = rank (FIA)(x). O

5.3. Remarks. (i) Theorem 5.2 provides a geometric characterization of the weak
horizontality conditions of the characteristic and dynamical distribution. Equivalently,
it provides us with an explicit algebraic condition (condition (5)) which can be easily
applied in every concrete situation to exclude the points of the phase space where the
generalized Hamilton equations a priori have no solution.

(ii) The distribution D, (as the characteristic distribution of «), compared with A,
seems at afirst sight to be a more natural object describing the Hamiltonian system as-
sociated with «. However, according to the above results, both the distributions D,, and
A, areuseful from thetheoretical and practical point of view. Indeed, if the Hamiltonian
system is weakly horizontal then (5.5) leads to consider superfluous (not independent)
1-forms. In such a situation, working with the distribution A, is more simple. Also,
there is a theoretical argument for taking into account both the distributions D, and
A, namely the condition (3) of the above theorems, which leads to a geometric inter-
pretation of the set of points of the phase space where Hamilton extremals a priori are
not allowed to pass through as the set of points where the distributions D, and A, are
different.

To study proper dynamics, one has to find additional conditions excluding the non-
holonomic Hamilton paths. Clearly, while Hamilton paths are connected with non-
vertical vector fields, holonomic Hamilton paths are connected with semisprays. We
have the following assertions which will help us to learn the structure of holonomic
Hamilton paths (= prolonged paths).

5.4. Theorem. Let o be a Hamiltonian system defined on an open subset W C
J57Y,s > 1, let A, beitsdynamical distribution. Let x € W be a point. The following
conditions are equivalent:

(1) In a neighborhood of x there exists a (possibly non-continuous) semispray & such
that £(X) € Ay (X).

(2) rank B(x) = rank (B|A)(X).
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Proof. Let & be asemispray such that £(x) € A, (X). Then §(x) satisfies the equa
tions (5.10), and since £° = 1, & =07, 1<0=<m 0= i <s— 2,theequations
(5.10) simplify to

(512)  (As + Boéd (x) =0.

This system is solvable with respect to the £ ; (x)’s, i.e., the condition (2) is satisfied.
Conversely, suppose rank B(x) = rank (B|A)(x), and let 8,1 < v < m be a solu-
tion of the equation A, (X) + B,,(X)B,; = 0. Putting

s—2 a a
=Y Oy T E
at IZ(; |+18qi S laqs_l

where £ (X) = B7,1 <o <m,and & ;(y) = Ofor al y # x we get a semispray
satisfying the condition (1). [

Taking into account the equations (5.12) we get

5.5. Theorem. Let o be a Hamiltonian system defined on an open subset W C
J57lY,s > 1, let A, beitsdynamical distribution. Letr beaninteger, 1 <r < m, let
X € W be a point. The following two conditions are equivalent:

(1) In a neighborhood of x in U there exist semisprays &, ..., & (not necessarily
continuous) possessing the following properties:

(12) &1, ..., & arelinearly independent at X,

(1) §;(x) € Ag(x), 1< j <,

(1) if £ isanother semispray in a neighborhood of x such that £(x) € A, (X) then
the vectors &;(X), ..., & (X), £(X) arelinearly dependent.

(2) rankB(x) = rank (BJA)(X) = m+1—r.

Proof. Suppose (1) and denote for i = 1,....r by gi = (B7) the components
of & at 9/0q9 ;, 1 < o < m, at the point X. The g;’s satisfy the equations A(x) +
B(x)Bi = 0, which means that rank B(x) = rank (B|A)(X), and it holds 8, = 1 +

B2, Br = B+ Er v_vhere Bo, ..., By are solutions of the homogeneous equations
Bx)B =0.1f Y ,aB =0then Y| ,a(B —p1) = - &)+ > ap =0,
i.e., by assumption, a, = - -- = & = 0, proving the linear independence of the §;’s. Let

£ be another semispray such that £(x) € A(x). Then £(x) = erzl bj&;(x) for some
constants by, ..., b, suchthatb; +---+b, = 1. Hence 8 = blﬂl+2[:2b|(ﬁ1+5|) =
B1+ >, A, proving that B, .. ., B, form a basis of solutions of the system of the
homogeneous equations with the matrix B(x). Thismeansthat r — 1 = m — rank B(x).

Conversely, taking a basis Bo, ..., B; of solutions of B(x)8 = 0 and a particular
solution B; of A(x) + B(x)8 = 0, and putting > = B1 + Bo, ..., B = P14+ B we
get similarly asin the proof of the preceding theorem a system of semisprayséy, . . ., &
satisfying (1p). Now, if > bj&;(x) = Ofor some constantsbj, 1 < j <r,then) b; =
0 and Z bj ,Bj =0,i.e, (Z bj)ﬂl + Z{:2b|,3_| = er:z b|B| = 0, which means that
bh = 0for2 < | < r, and consequently also b; = O, proving (1). If & is another
semispray such that £(x) € A(X) then 8 = 1+ > b = B+ X bi(f — B1); now,
E00 = (1= Y, b)&E0) + Y, bi& (), proving (1o). O
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We shall use the following terminology suggested by Theorems 5.2 and 5.4.
If « isaHamiltonian system defined on an open set W  JS~1Y, then

(513) P ={xe IY |rankF = rank (FIA)} c W
will be called primary constraint set, and the set P c P defined by
(514) P ={xe J*'Y |rank B = rank (B|A)}

will be called primary semispray-constraint set of «. Notice that P and P need not be
submanifolds of W c JS1Y. Clearly P has the meaning of a“set of admissible initial
conditions for the Hamilton equations”, while the meaning of P is “a set of admissible
initial conditions” for the equations of paths of E = pya in W,

If J5-1Y — P £ ¢ we say that the Hamiltonian system « carries primary dynamical
constraints. Similarly if JS-Y — P £ ¢ we say that « carries primary semispray
constraints.

A Hamiltonian system o will be called semiregular if A, isweakly horizontal and of
alocaly constant rank. Apparently semiregular Hamiltonian systems carry no primary
dynamical constraints. If, moreover, A, iscompletely integrable then we have aregular
foliation F, of W with (dimJS-1Y — rank «)-dimensional leaves; every Hamilton path
is then an embedding of an open subset of the base X into aleaf of 7, and, conversely,
every section of w53 which endsin aleaf of 7, isaHamilton path. Every point in the
phase space W isan initial point for anon-uniquely determined extended motion which
develops within aleaf of F passing through the initial point.

Let s > 2. If o hasno primary semispray constraints, and rank B is locally constant
we say that o isweakly regular. Notice that by Theorem 5.2, A, is weakly horizontal
and coincides with the characteristic distribution D, of «. By Theorem 5.5, A, has
a subdistribution A of rankr = m + 1 — rank B, which can be locally spanned by
semisprays. Unfortunately, this subdistribution is completely integrable if and only if
rank B = m. If thisis the casg, i.e, if detB # O, then A is arank 1 subdistribution
of A, spanned by the following semispray, respectively, annihilated by the following
1-forms,

a:flqa 0 _gorp 0
(5.15) at = tlagr "80

Adt + B,,dgy_q, 07, ..., 07 ,, 1<o<m,

where (B°?) istheinverse matrix to B. A Hamiltonian systemo on W C JS71Y,s > 2,
such that rank A = 1 will be called regular. In the case s = 1 we shall speak about a
regular Hamiltonian system whenever it is semiregular and rank A, = 1. Summarizing
the “dynamical picture” of aregular Hamiltonian system « on W we get that through
every point in W there passes exactly one maximal Hamilton path of «, and the set of
Hamilton paths coincides with the set of paths of the dynamical form E = p;c.

Notice that a weakly regular Hamiltonian system need not be semiregular, and con-
versely, a semiregular Hamiltonian system need not be weakly regular. If « is both
semiregular and weakly regular, we call it strongly semiregular. The “dynamical pic-
ture” for completely integrable strongly semiregular systems shows that thereisno sub-
foliation of F corresponding to the “semispray subdistribution”, i.e., the proper motion
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itself cannot be characterized by |eaves; however, choosing initial conditions, the proper
motion proceeds within a leaf of F passing through the initial point (cannot leave the
“enveloping” leaf).

6. Geometric classification of ODE

For a geometric classification of higher-order ODE we can use the above properties
and classification of Hamiltonian extensions of ODE, as follows:

A dynamical form E (respectively, a mechanical system [«]) will be called regular
if in aneighborhood of every point x € JS~1Y it hasaregular Hamiltonian extension. A
dynamical form (respectively, a mechanical system) which is not regular will be called
singular.

Obvioudly, regular dynamical forms are representable by semisprays. More pre-
cisely, they are characterized as follows:

6.1. Theorem. Let ms be even. Let E € A2, (J°Y) be a dynamical form, Consider
the corresponding class [A,] of dynamical distributions. In a fiber chart (V, ¢) onY,
Y = (t,q%), denote E = (A, + B,,0Y) o’ A dt. The following conditions are equiva-
lent:

(1) The mechanical system [«] isregular.

(2) The matrix (B,,) is everywhere regular.

(3) There is a unigue dynamical distribution of rank 1 on Vs_; belonging to [A,],
and it is of the form

paqgfl
A® = span{A,dt + B,,dg._;, 07, ..., 07 ,,1 <o <m},

(61 A= an8+siz” 9 _pgoop,
. _Sp 9t izoql+laqi<r ’

where (B?") isthe inverse matrix to (B,,).
The equations for paths of E have an equivalent form

(6.2) g = —-B’A,, l<o<m

6.2. Remark. If s = 1 then the formula (6.1) in the condition (3) of the above
theorem takes the form

- Bl 0
A = spany — — B’ A ,
P {at paq"}

A® = span{ A, dt + B,,dg", 1 < o <m}.

Proof. We shall prove the theorem for s > 2; for s = 1 the proof is analogous and
simple.

Suppose (1), and consider the related dynamical distributions defined on Vs_;. There
isadistribution A, of rank 1, i.e., such that the generators (3.7) arelinearly independent
at each point of Vs_1. This means that both the matrices (B,,) and (F)!) where1 < i,
j <s—2,areregular on Vg_;.
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Let (2) hold. Then every dynamical codistribution of [«] on Vs_1 is spanned by the
1-forms

s—2 s—2
63) A dt+) 2F%w!+B,dql . o°, Y Flol, 1<i<s-2
j=1 j=1

Since we suppose ms even, the antisymmetric square matrix (FlJ ) has an even number
of rows (columns), i.e., it is possible to make a choice such that det(F!l ) # 0. For the
corresponding 2-form « we then get A, = A. We can see that under assumption that
B isregular, the condition det(F/!} ) # 0 is necessary and sufficient for the correspond-
ing dynamical distribution be of rank 1. This implies uniqueness of the arising rank 1
distribution.

If (3) issatisfied, then (1) follows trivially.

The assertion (4) followsimmediately from (3). Finaly, if (4) holds, then the matrix
B iseverywhereregular, and we aredone. [

_ Noticethat for aregular dynamical form on J®Y such that smiseven, thedistribution
A coincides with the characteristic distribution of any of the equivalent 2-forms of the
maximal rank belonging to the Lepage class [«] of E. This meansthat for I' € A and
every o’ € [«] such that doma = dome’ and rank o’ = dimJs~tY — 1,

(64) ira’ =0.

Next, noticethat for s > 2, A isasemispray distribution (i.e., the associated connection
is a semispray connection).

Taking into account the generators of the form (6.3) we can see that if the number
sm is odd then the matrix (F!l) where 1 < i, ] < s — 2, issingular (since it is an
antisymmetric (Mm(s — 2) x m(s — 2))-matrix). Consequently, the generators (6.3) are
linearly dependent. Similarly, for s = 1 the corresponding generators (6.3) take the
form

A, dt + B,,dq’,

where the matrix B is antisymmetric (Theorem 3.2). Summarizing, we get that if E isa
regular dynamical on JY and msisodd, s > 2, then for every Hamiltonian extension
aof E, A # A,.

More precisely,

6.3. Theorem. Letmsbeodd,s > 2. Let E ¢ Agf(JSY) be a dynamical form, and
let [A,] be the corresponding class of dynamical distributions. In a fiber chart (V, )
onY, ¢y = (t,q%), denote E = (A, + B,,0Y) o’ A dt. The following conditions are
equivalent:

(1) The matrix (B,,) is everywhere regular.

(2) On Vg_1, every dynamical distribution in [A,] has a unique rank 1 semispray
subdistribution, (6.1).

(3) The equations for paths of E have an equivalent form (6.2).

A dynamical form for which the set J5-1Y — P is nonempty will be called a me-
chanical system with primary semispray constraints. We can aso say that systems with
primary semispray constraints do not admit a “global” proper dynamics (in the sense
that there are a priori restrictions on initial points of the proper motion).



Differential systems in higher-order mechanics 105

A dynamical form will be called weakly regular if it carries no primary semispray
constraints and rank B is locally constant on the phase space. We have seen that pro-
longations of paths of a weakly regular dynamical form can be interpreted as integral
sections of adistribution of constant rank which is representable by semisprays. namely,
itislocaly spanned by m + 1 — rank B semisprays, and is not completely integrable (if
rank B # m). Prolonged extremals coincide with integral sections of this distribution.
Consequently, the dynamical picture for weakly regular systemsisthe following. Every
point in the phase space isan initia point for a non-uniquely determined proper motion
(it is “indeterministic” in the sense that the motion cannot be uniquely determined by
initial conditions). Since the “semispray distribution” does not give rise to a foliation,
the proper motion starting from a fixed initial point cannot be represented as proceed-
ing within a leaf. Consequently, the dynamical picture cannot be obtained by standard
techniques, and one must apply the constraint algorithm described below.

7. Structure of solutions of ODE

Within the standard theory of distributions of a constant rank, the integration prob-
lem has two steps:

(2) to clarify the structure of solutions of the distribution in question (namely, if itis
completely integrable then the maximal integral manifolds form afoliation of the given
manifold),

(2) to find the maximal integral manifolds, which, in case of involutive distributions,
practically meansto find adapted chartsto the foliation (= complete sets of independent
first integrals).

For involutive distributions, the first problem is completely solved by the Frobenius
theorem; the second problem is rather complicated and means to apply some of the
known integration methods based on symmetries of the distribution and relations with
first integrals. If the distribution happens not to be involutive then no general theory,
clarifying the structure of solutions and providing methods for finding them explicitly,
is known.

We have shown that every system of (generaly higher order) ordinary differential
equations can be localy interpreted as a system of equations for holonomic integral
sections of a dynamical distribution. Consequently, the problem of integration of such
equations identifies with the problem of integration of a distribution. However, it is
highly nontrivial, since only in the case of regular mechanical systemsit is reduced to
the known case of finding maximal integral manifolds of an involutive distribution of a
constant rank.

To be able to deal with all mechanical systems, we have to clarify aspects of the
integration problem in a genera situation. Notice that if the order of the equations is
> 2, one can distinguish (at least locally) two levels of the integration problem:

(2) finding extended dynamics, i.e., Hamilton paths of an associated Hamiltonian
System,

(2) finding proper dynamics, i.e., prolonged paths.

Thefirst level of the problem precisely means to find integral sections of a distribution.
On the other hand, the second level means to pick up only those solutions which are
holonomic. Obviously, every path defines a one-dimensional (immersed) submanifold
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M of the phase space and a semispray & along M such that for every y € M, &(y)
belongs to a dynamical distribution A, at y. Conversely, every vector field & (even not
continuous!) belonging to a dynamical distribution A, i.e., satisfying the Hamilton
equation i;a = 0, and such that £ is a semispray along an at least one-dimensional
immersed submanifold M of the phase space, defines a solution of the equations for
paths. It should be stressed that £ need not be a semispray everywhere on the phase
space. This means that for finding proper dynamicsit is generally not sufficient to find
the subdistribution of a dynamical distribution, spanned by semisprays. We shall call
the problem of distinguishing holonomic solutions of a distribution the (higher-order)
semispray problem.

Let usturn to describe agenera procedure which enables one to find explicitly inte-
gral sections of non-integrable dynamical distributions of generally non-constant rank.
We shall call this procedure the constraint algorithm. As mentioned above, this algo-
rithm has two level s—including and non-including the higher-order semispray problem.

7.1. Extended dynamics. First, we shall describe an algorithm for finding explicitly
the dynamics of a Hamiltonian system «, associated with a given (s — 1)-th order me-
chanical system. In general it is not possible to characterize the dynamics by a system
of continuous vector fields. On the other hand, as mentioned above, Hamilton paths de-
fine one-dimensional (immersed) submanifolds of the phase space such that the vector
fields along these submanifolds belong to dynamical distributions. Clearly, such sub-
manifolds can have nonempty intersections. Hence, the problem to be solved isto find
at each point x of the phase space the bunch of submanifolds where an extended mo-
tion “is allowed to develop”, i.e., such that every section of each of these submanifolds
is a Hamilton path, and conversely, every Hamilton path passing through x is locally
embedded in amanifold of this bunch.

Sep 1. Find the primary constraint set set P for o (recall that P need not be a
submanifold of the phase space). If P = ¢, there is no extended dynamics, hence no
dynamicsat all. If P £ ¢, choose apoint x € P, and proceed to the next step.

Sep 2. Denote §1y = P, and M3y = U, M(y), the union of all connected maximal
submanifolds M3, C U, where U is a neighborhood of x, lying in §) and pass-
ing through x (here “maximal” means that if N is a connected submanifold passing
through x, lyingin §1) N U, and Mz, C N then My, = N).

Suppose that M1y # {x}. For each ¢ consider the restriction of the dynamical dis-
tribution A, to Mqy),, i.e., thedistribution A1), = A, N T My, (called the constrained
to M), dynamical distribution). If A, isweakly horizontal at each point of M1, we
call the manifold My, afinal constraint submanifold at x; the problem now is reduced
to the problem of integration of the distribution A ,. Otherwise, one of the following
two possibilities occurs: (i) Ay, istrivial at X, or is not weakly horizontal at x; then
exclude the manifold My, from the bunch My,. (ii) Ay, isweakly horizontal at x but
is not weakly horizontal on M3),; then proceed to the next step.

Sep 3. Exclude the points where Ay, is not weakly horizontal from M, and
denote the resulting set by Sy),; clearly, x € Sy),. Repeat the procedure described in
Step 2 with o) = N, ), instead of §y.

After sufficiently many steps we obtain either a bunch of final constraint submani-
folds at x, or we find that there is no final constraint submanifold passing through x. If
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there exists a point such that there is no final constraint submanifold passing through x,
we say that the system possesses secondary dynamical constraints.

Collecting the points where there exists a bunch of final constraint submanifolds we
obtain a subset of the phase space where the extended motion proceeds, we call it the
set of admissible initial conditions for the Hamilton equations. The structure of this
set can be complicated; in particular, it need not be a submanifold of the phase space.
Considering then the collection of final constraint submanifolds together with to them
constrained dynamical distributions, we get the dynamical picture corresponding to the
solutions of the Hamilton equations. Typically, this dynamical picture will be rather
complicated, measuring the “rate of singularity” of a given mechanical system.

7.2. Proper dynamics: the higher-order semispray problem. Now, we shall be
interested in an explicit description of the proper dynamics of the mechanical system.
The procedureis as follows:

Find the set P (recall that P need not be asubmanifold of the phase space). If P = ¢,
there is no motion. If P # ¢, choose a point x € P. Denote R1y = P. Proceed in the
same way as described in 7.1, replacing S1) by Ry, etc.

As aresult of the procedure one gets at each admissible initia point x € P (i) the
bunch My of final constraint submanifolds, and (ii) a system Vy of vector fields along
the manifolds of the bunch My which belong to the dynamical distribution A, (at the
points of My); by construction, all these vector fields are nonvertical.

Let N € My, and let & be the vector field in 1y tangent to N. We shall say that
& can be identified with a semispray along a submanifold Ng C N if there exists a
submanifold No of N, a neighborhood U of Ny and a semispray ¢ on U such that at
each point y € No, £(y) = ¢(y). Let x € P be a point. We shall call the point x
admissible if there exists a neighborhood Uy of x and a vector field &§ € Vy such that
& can be identified with a semispray along a submanifold of an element of the bunch
My. If every point in P is admissible we say that the mechanical system possesses no
secondary semispray constraints. Otherwise, we shall say that the mechanical system
possesses secondary semispray constraints.

Collecting the admissible points of P we obtain a subset of the phase space where
the proper motion proceeds; we cal this set the set of admissible initial conditions for
the equations for paths. As expected, this set need not be a submanifold of the phase
space. Now, consider the family {1x} where x runs over the set of admissible points. To
get the dynamical picture corresponding to the solutions of the equations for paths, itis
sufficient to pick up those elements of {1x} which (in the above sense) can be identified
with semisprays along at least one-dimensional submanifolds of elements of the {My]}.

7.3. Remarks. The algorithm described above (proposed in [32]) can be viewed as
a generalization and re-interpretation of the constraint algorithm developed within the
range of Dirac’stheory of constrained systems[16], [17], and |ater generalized to time-
dependent and higher-order Lagrangians [9], [40]. In this context, the (higher-order)
semispray problem (which in our understanding means a problem of finding holonomic
sections of a distribution of a non-constant rank which cannot be spanned by contin-
uous vector fields) is parallel to the problem of distinguishing solutions of the Euler—
Lagrange equations in the set of solutions of the Hamilton equations in presymplectic
mechanics, called the SODE and HODE problem (= “second-order” and “higher-order
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differential equation problem), respectively (cf. [4], [5], [6], [16], [17], [40], and oth-
ers). Similarly, our concepts of primary and secondary dynamical constraints, resp. of
primary and secondary semispray constraints are based on the geometric understanding
of the dynamics by means of dynamical distributions (with not a direct correspondence
with the more-or-less heuristic concepts of “primary” and “secondary constraints” of
Dirac’s theory of constrained systems[12]).

We can see that while solutions of regular systems of ODE define a one-dimensional
foliation of the phase space (i.e., each point of the phase space represents admissibleini-
tial conditions for a uniquely determined motion), solutions of systems of ODE which
are not regular are usually (but not always!) restricted to a certain subset (not gener-
aly a submanifold) of the phase space. Therefore non-regular systems are often called
constrained systems. Since the “constraints” are a property of the system itself (they
have nothing to do with the underlying structure) they should be better referred to as
internal constraints, to distinguish them from external constraints which are put on the
underlying fibered manifold (e.g., holonomic and nonholonomic constraints of classical
mechanics); the latter caseis studied in Sections 10, 11.

8. Lagrangian systems

Now, we shall discuss the particular but important case of mechanical systems de-
fined by dynamical forms which arise as Euler—Lagrange forms in the calculus of vari-
ations.

Recall that alocal Lagrangian of order r for afibered manifoldz : Y — Xisam, -
horizontal 1-form defined on an open subset of J'Y. A dynamical form E € AZ(JSY)
is caled (globally) variational if there exists an integer r > 1 and a Lagrangian A on
J"Y such that E coincides (possibly up to a projection) with the Euler-Lagrange form
of 1. E iscaled locally variational if J5Y can be covered by open sets U, in such a
way that, for every ¢, E|y, is variational. Note that a locally variational form need not
be globally variational.

Paths of a locally variational form are called extremals, and the equations for ex-
tremals are called the Euler—Lagrange equations.

The Lepage class (of order s — 1) associated to a locally variational form will be
called a Lagrangian system (of order s — 1). By the following theorem (cf. e.g. [35])
every Lagrangian system can be uniquely represented by a global closed two-form.

8.1. Theorem. Let E € A2, (JSY) belocally variational. Then the Lepage class [«]
of E contains a unique closed 2-form, defined on JS1Y.

Conversely, if in a neighborhood of every point x € JS~1Y, the Lepage class of E
contains a closed 2-form o then « is unique, is defined on JS~1Y, and the form E is
locally variational.

The above theorem directly follows from the following Lemmas (for complete
proofs we refer to [36]).
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8.2Lemma(1],[24],[60]. Adynamical formE on JSY,s > 1,islocally variational
if and only if in each fiber chart the components E;,1 < ¢ < m, of E satisfy the
following identities:

IE, < ) d 9B _
I G dt*' aqy ’

forallO<l <sandl<o, v<m.

(8.1)

8.3. Lemma [21], [30]. Let « be a two-formon JS1Y, s > 1. The following two
conditions are equivalent:

(1) pr isadynamical formand da = O,

(2) py islocally variational, and in each fiber chart,

s—1
82 mi ja=E,0" Adt+ Y Fikof A, Flk=_FN,
i k=0

where

s—j—k-1 |
Fk=2 % (—DH‘(”')d—lfi, 0<j+k<s—1
(83 2 I/ dt 00) i
Flx=0, s<j+k<2s-2

8.4. Lemma [30]. Let E be alocally variational form on J%Y, s > 1. Then there
exists a unique closed two-form« such that p;a = E; thistwo-formis projectable onto
Jsty,

If E isalocaly variational form then the closed two-form belonging to the Lepage
class of E will be called a Lepagean equivalent of E, and denoted by oE.

8.5. Remark. The identities (8.1) represent necessary and sufficient conditions for
a system of higher-order ordinary differential equations to come from a Lagrangian as
a system of its Euler—Lagrange equations. This problem, known as the local inverse
problem of the calculus of variations, was first studied by H. Helmholtz [18] for sec-
ond order ordinary differential equations. The solution for higher-order ODE is due to
A.L. Vanderbauwhede [60]; the general case (higher-order PDE) has been solved inde-
pendently by D. Krupka[24], and |. Anderson and T. Duchamp [1]. In what follows we
shall call (8.1) Anderson—-Duchamp—Krupka conditions.

If the conditions (8.1) are satisfied then the E, are the Euler—Lagrange expressions
of the Lagrange function

1
(8.4) L= q"/ E,(t,uq",...,uqs)du,
0

which can be constructed in a neighborhood of every point in J°Y. This formula has
been discovered in 1913 by Volterra for the second order case, and later subsequently
generalized by M. M. Vainberg [57] and E. Tonti [56]. It is called Vainberg—Tonti La-
grangian. Notice that the function L is of the same order asthe E,’s.
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Taking into account Lemma 8.3 we easily obtain

8.6. Corollary. Every locally variational form E on JY, s > 1, (which is not
projectable onto JXY for somek < s) isaffinein the derivatives of order s, i.e., in every
fiber chart,

Eo = Ao + Bavq;}7

where A, = A (t,0”,...,0) 1), Bsy = Bou(t,0”,...,0f ;). The matrix (B,,) is
symmetric if s is even and antisymmetric if s isodd. Moreover, for the Lepagean equiv-
alent o of E (8.2) one has
FO,Sfl —B Fl,S*Z - _B F2,373 —B o FS*l,O — (_1)5718 )
Denote by Lep the mapping, assigning to a locally variational form its Lepagean
equivalent.

8.7. Corollary [36]. The mapping Lep of the set of locally variational forms to the
set of closed Lepagean two-forms s bijective and inverse to the mapping p;.

8.8. Remark. Sincetheform ag isclosed, Poincaré Lemmagives usthat in aneigh-
borhood of every point there is a (non-unique) 1-form theta such that ag = d6. Such
1-forms are called Cartan forms, or Lepagean 1-forms related with E. Notice that the
1-form A = hf isalLagrangian for E, and that 6 isuniquely determined by A (therefore
it is denoted by 6,). If A isof order r then 6, generally is of order 2r — 1. In fibered
coordinates where . = L dt we have

r—1 /r—i-1 kdk aL
bp=Ldt+)" ( > (=D o —aqi‘;m) of.

k=0

Since E is uniquely determined by A, we denote E = E;, and cal E, the Euler—
Lagrange form of A. Recall that two Lagrangians, A1, A,, with the same domain of
definition are called equivalent if E,; = E,,. For more details on geometric foundations
of the calculus of variations on fibered manifolds, and to the general theory of Lepagean
equivalents of Lagrangians we refer to the work of Krupka [22-26].

All important specific features and properties (both mathematical and physical) of
Lagrangian systems come from the fact that the form «g is closed. This leads to many
fundamental results; let us mention very briefly at least some of them below (for a
comprehensive exposition we refer the reader to [36]).

By Theorem 8.1 to every locally variational dynamica form E one has a distin-
guished global Hamiltonian extension ag which is completely determined by the form
E itsalf. Accordingly, the corresponding (global) dynamical distribution is uniquely de-
termined by E. It is denoted by Ag and called the Euler—Lagrange distribution of the
locally variational form E. Therefore, working with Lagrangian systems namely the
form ag and the corresponding characteristic distribution Dg and dynamical distribu-
tion Ag are used to study extremals and Hamilton extremals. Naturally, all structure and
classification properties of mechanical systems introduced and studied in the previous
sections apply to the particular case of Lagrangian systems.

Moreover, taking into account Corollary 8.6 and Theorems 6.1 and 6.3 we can see
that if ms is odd then no Lagrangian systemis regular. Consequently, we have
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8.9. Theorem. For Lagrangian systems the conditions

(1) Eisregular

(2) the Euler—Lagrange distribution Ag has rank one
are equivalent.

Accordingly, one has the following geometric definition of a regular Lagrangian. A
Lagrangian A of order r > liscalled regular if the associated Euler—Lagrange distri-
bution has rank one [30]. Expressing this condition in fibered coordinates we get

9E
det( j) 0,
dq. #

where E = E,w” A dt isthe dynamical form corresponding to the Lagrangian system
defined by the Lagrangian A (noticethat s < 2r isthe “true order” of E, i.e., the lowest
order where E, isprojectable; equivalently, s — 1 isthe order of the Lagrangian system
defined by the Lagrangian A).

8.10. Remark. It should be stressed that compared with the standard definition of a
regular Lagrangian of order r, namely

( - )
et (—— ) #0,
99° g,

(cf. eq. [3],[12], [17], [43], [54] and many others), our concept of regularity redefines
regularity to be a property of the class of equivalent Lagrangians, and covers many
Lagrangians usually considered singular (and processed as singular, e.g., within Dirac’s
theory of constrained systems). If explicitly rewritten for particular Lagrangians the
new definition gives many concrete regularity conditions for Lagrangians. For example,
afirst-order Lagrangian L(t, g”, q;) isregular if and only if one of the following two
conditions is satisfied:

. 9%L )
i) det 0,
@ (8qi’ a0y ”

2 2 2
(i) aLU:O Vo,v, and det( 8Lv— aLV);éO.
aqs gy 99°9q;  9a7dq
Apparently, the first condition describes all regular first-order Lagrangians the Euler—
Lagrange equations of which are nontrivially of second order, i.e., define regular first-
order Lagrangean systems, while the second condition refers to all regular first-order
Lagrangians which are affine in the velocities, i.e., of the foom L = f(t,g”) +
0.(t,9”)qy; their Euler—Lagrange equations are first-order ODE, hence these La-
grangians define regular zero-order Lagrangean systems.

For more details and other examples we refer to [36].

Also semiregular Lagrangian systems turn to be much more simple than general
mechanical systems. Due to Cartan Theorem for closed 2-forms of constant rank, the
corank of the characteristic distribution Dg is a constant equal to an even number,
and the distribution Dg is completely integrable. Hence, the same holds for the Euler—
Lagrange distribution.
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8.11. Theorem. Let ag be a semiregular Lagrangian system. Then the Euler—
Lagrange distribution Ag is completely integrable and corank of Ag iseven.

By the above theorem it is clear that for semiregular Lagrangian systems one can
effectively apply integration methods based on relations between symmetries of closed
2-forms and compl ete sets of independent first integrals of their characteristic distribu-
tions (Liouville or Hamilton—Jacobi integration methods). For more details on these in-
tegration methods, their applications and different generalizations we refer e.g. to [20],
[31], [33], [34], [36], [39], [62-64]. In the regular case these integration methods give
a complete solution of the Euler—Lagrange equations. For non-regular semiregular La-
grangian systems they provide us with a complete solution of the Hamilton eguations.
Extremals are then obtained by an additional application of the constraint algorithm
(Sec. 7).

Finally, the property dag = 0 leads to alocal representation of Lagrangian systems
in a certain “normal form” as follows. As we shall see below, thisis closely related to
the possibility of lowering the order of the corresponding L agrangians.

Let us denote

s= 2c if siseven,
s= 2c+1 if sisodd.

8.12. Theorem (Canonical form of a closed Lepagean two-form) [30]. Let E be a
locally variational formof order s, s > 1, let g beits Lepagean equivalent. Then there
is an open covering O of JS~1Y such that

(1) for each W € O thereisafiber chart (V, ¥) on Y such that W C Vg_1,

(2) oneach W e O there are defined functions H, p'u‘, l<v<mO<k<s—c-1,
such that the restriction of g to W is expressed in the form

s—c—1

85 wg=-dHAdt+ > dpfadg.
k=0

Proof. Sincetheform o isclosed, there existsacovering O satisfying (1) such that
oneach W € O it holds g = dp for a one-form p defined on W. Using Lemma 8.3
and the Poincaré Lemma we obtain (up to a projection)

1 s—1 /s-1 1 )
(86) p= (qa/ (E, oxs)du) dt+ ) (Z 2qj"f (F;vkoXS_l)udu> wp.
0 k=0 \j=0 0

We shall show that there are functions f, H, p,'f, l1<v<mO<k<s—c—10onW
such that (8.6) can be equivalently expressed in the form

s—c—-1

87) p=-Hdt+ > pkdgy +df.
k=0

Consider themapping xs-1s—c: [0, 1] x W — W,
(8.8) Xs_l,s_c(v, t, q%, ..., qg_l)) =(t,q%,...,00 ¢ 1, V0 ¢ ---» VO 7).
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Put

—1
(89) ;c

S—

1-
Z qqu/ (/ (F O Xs— l)Udu)OXs—l,s—ch

+¢o, 0, ..., a5 1),
where ¢ is an arbitrary but fixed function, and define

s—k-1 Bf
2 FJ udu — —,
(8.10) Z a / (Fov 0 2o-1) oqy
15v§m,0§k§s—c—l,
1 s—1s—k-1
H= _qa/ (Ey, o xs) du + Z qu’ Oks1
(8.11) 0 k=0 j=0

S af
X (FUJUOXS_l)UdU-F—.
0 ot

Using the identity

S—

k—1 1
(8.12) @ Z qu’/ oxs_l)udu, s—c<k<s-—1,
= 0

Ok
we get

s—c-1

1
(813 H= _qﬂ/ (Es 0 xs) du + Z pX QK+1+
0
Substituting into (8.7) we obtain (8.6). This completes the proof. [

For any fixed function ¢ (t, g”, ..., qg’_c_l), the functions H and p“j, 1 <v <
m, 0 < k < s—c—1, defined by (8.11) and (8.10), are called the Hamiltonian and mo-
menta of the locally variational form E. The function ¢ itself is called agauge function.
Notice that Hamiltonian and momenta are functions related directly to a given dynami-
cal form E, i.e., they refer to the whole class of equivalent Lagrangians. We stress that
different choices of ¢’sin (8.9) lead to different sets of Hamiltonian and momenta for
agiven Lagrangian system, but all of them are of order s — 1.

Let A, and 1, betwo equivalent Lagrangians, A, of order k and A, of orderr. If k > r,
we shall say that the order of the Lagrangian A, can be reduced tor. Lagrangians of the
lowest possible order are called minimal-order Lagrangians.

8.13. Coroallary (Order-reduction) [60], [30]. Every Lagrangian can be locally re-
duced to the lowest possible order, i.e., to the order s/2 if the order s of the Euler—
Lagrange equations is even, and to (s 4+ 1)/2 if the order s of the Euler—Lagrange
equationsis odd.
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Proof. Theresult is obtained by putting
(8.14)  Amin= A — hdf

where A isthe Vainberg-Tonti Lagrangian of E, and f isdefined by (8.9). It isan easy
exerciseto show that thisLagrangianisof order c = s/2 (respectively, c+1 = (s+1)/2)
if siseven (respectively, odd). O

The formulas (8.11) and (8.10) can be interpreted in a way which relates them to
(local) minimal-order Lagrangians. Then different sets of a Hamiltonian and momenta
correspond to different equivalent minimal-order Lagrangians. Namely, it holds

s—c—k—1 ) dj 8|—min
pk = Z - ——" 1<v<mO<k<s—c-—1,
(8.15)

s—c—-1

H = —Lmin+ Z pv ks 10
k=0

where Amin = Lmindt isaminimal-order Lagrangian for og.

8.14. Remark. Let us discuss an important particular family of Lagrangian sys-
tems which are frequently considered in higher-order mechanics, namely, the time-
independent Lagrangian systems. To thisend, consider afibered manifoldz : Rx M —
R. We say that a Lagrangian system «g is autonomous, or time-independent if in a
neighborhood of every point it possesses local time-independent minimal-order La-
grangians (i.e., such that dLn/0t = 0, where t is the global coordinate on R). It
is easy to see that Hamiltonians corresponding to different equiva ent time-independent
minimal-order Lagrangians differ only by aconstant. Consequently, a time-independent
Lagrangean systemon 7 : R x M — R possesses a unique up to a constant time-
independent Hamiltonian. In fibered coordinates we have this Hamiltonian represented
intheform

1 .
+Z Z 297 qk+1/ (FJ¥o xs-1) udu +c.

Itisnatural to call this Hamiltonian the total energy of the time-independent Lagrangian
system og.

While time-independent Lagrangian systems on R x TS~'M are characterized by
a unique up to a constant Hamiltonian, time-dependent Lagrangian systems (even on
7. Rx M — R), possess no distinguished Hamiltonians.

9. Examples of dynamics of highly singular systems

In this section we denote ' = dq' — ¢' dt. The examples are taken from [32], [36].
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9.1. Consider the Lagrangian
01 L=3(@H+@H*d)
on Rx R?x R?[3]. ThisLagrangian definesasingular first-order Lagrangian systema.
Since

51

p=¢,  p=0 H=21(@H?- @),
we get
o = —dH A dt +dpy Adg?
= —(9"dg" — 3(@H*dg® — g'g®dg*) A dt 4+ dg* A dgh.
The annihilators of the Euler-Lagrange and the characteristic distribution are, respec-
tively,
A9 = span{3(ghH?dt, ', dg* — q'g?dt},
DY = span{(gh)?dt, w*, dg* — q'g?dt, g dg?
— 3(qh)?dg® — g’g*dq’}.
(A) Extended dynamics. Obviously, A, is weakly horizontal at the points g* = 0,
i.e., the primary constraint set is
P ={xeJY|gtx) =0}.

In other words, this Lagrangian system possesses primary dynamical constraints.
The set P isa submanifold of the phase space. At each point of P,
10 00

—} = annih{w?, dg*}.

0
Aa:Da: an _+ ) sy o
L {at T390 a2 ¢

Let us compute the constrained to P Euler—L agrange distribution. At the points of P
where ' # 0 we have

Ayls = an{i i}
alp =P a2 aq? )’

which is a vertical distribution, and at the points of 7 where g* = 0 we get a weakly
horizontal distribution

Aty —spen] & 22
ap—sp at’ aqza aqz .

Thismeansthat the Lagrangian system possesses secondary dynamical constraints. The
(final) constraint set isthe manifold M = {x € J'Y |g*(x) = 0, g%(x) = 0} c J'Y.
Summarizing, we get the following dynamical picture for the Hamiltonian system
associated with our Lagrangian system «: the extended dynamics is constrained to a
submanifold M = {x e JY|qgl(x) = g%(x) = 0} of the phase space. On this sub-
manifold, the extended motion isindeterministic (being not uniquely determined by the
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initial conditions), and is given by a weakly horizontal distribution of rank 3, spanned
by the vector fields

0 L 0 n 0
where f, g are arbitrary functionson M.
(B) Proper dynamics. Computing the semispray-constraint set we get

P ={xe 'Y |q'x) =0},

i.e, P = P. This means that the Lagrangian system possesses primary semispray con-
straints, which identify with the primary dynamical constraints. Similarly as above we
get

Aol — span 3 9 }
51

at the points of P where g # 0, and

At —spn] L P

o 7) - sp atv 8q27 aqz
at the points of P where ! = 0, i.e., the Lagrangian system possesses secondary semis-
pray constraints. As above, denote M = {x € J'Y |g}(x) = §*(x) = 0}. The preced-
ing weakly horizontal distribution along M which is of rank 3 has a subdistribution of
rank 2, spanned by the following semisprays along M

0 0 0

9.2 — +¢°— +0—,
(9.2 g P g P
where g is a function on M. Hence, the proper dynamics is constrained to M and is
indeterministic there: prolongations of extremals coincide with the integral sections of
the distribution spanned by the vector fields (9.2).

The above dynamical picture gives us also information about properties of extremals
on the configuration space. Namely, we can see that all solutions of the Euler—Lagrange
equations are embedded in the submanifold Q = {x € Y |q'(x) = 0}, and that every
section lying in this submanifold is an extremal .

9.2. Consider Cawley’s Lagrangian
93 L=g'¢’+ 3@’
on R x R® x R®[7], [6]. This Lagrangian defines afirst order Lagrangian system
o = (0PqPe? + 1(@)%0%) A dt — o' A d6® — o A dd™.
Computing the distributions D, and A, we get
D, = annih{g?q®dt, o', g°g* 0%, %, dg* — 3(g?)?dt, dg®},
A, = annih{g’g®dt, o', »°, dg* — 3(g®)?dt, dg*}.
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We can seethat D, C A, and D, # A,. Thefunction f = ¢° isafirst integral of the
distributions D, and A,,.

(A) Extended dynamics. It holds rank F = rank (F|A) if and only if g%q® = 0, i.e,
the Lagrangian system possesses primary dynamical constraints, and

P ={x e 3'Y|q%q® =0},

which is not a submanifold of the phase space.

(i) Let x ¢ P. The Euler—Lagrange distribution is at x spanned by vertical vectors,
hence, there is no dynamics at this point.

(i) Let x € P. Then we have

9 9 3 by @ 0 D
Dy = A = span} — + 4" +4°— —(0|) — >
at aq* aq° ag"’ aq

= annih {wl, o, dgt — E(qz)2 dt, dq3},

i.e, rank D, =rank A, = 3 at x. 5

For x € P, g% # 0 we get that the bunch of submanifolds in 7 passing through
x consists from a single submanifold My = {g® = 0}. The constrained to M, Euler—
Lagrange distribution is

Ayl = span 0 3}
Dth_ aq27 aqz ’

at the points of My where g3 # 0, which is nowhere weakly horizontal, and

0 4 0 0 d d
Aa|Mx=Span _+q1?+_(q2)2—.1’ PN —2}’

at the points of My where g3 = 0, which is weakly horizontal. This means that the
Lagrangian system possesses secondary dynam cal constraints, and we must exclude
from P the points such that 2 # 0, q° = 0, g3 # 0. At each of the remaining points
we have a (unique) final constraint submanifold My = {y € My |¢® = 0}. Along My,
the Euler-Lagrange distribution is reduced to the completely integrable distribution of
rank 3, spanned by

5 0 0 0
aqt g ag?’

Suppose that x € P, g3 # 0. We get M, = {g? = 0}, and the constrained to M,
Euler—Lagrange distribution is

d 4 0 1
A+ S
q 2

Al span{aJranrq38 8}-
alMy = T as .o (>
aq 9g°" ag?

it isweakly horizontal. My isa (unique) final constraint submanifold at the point x and
Aq|m, 1sacompletely integrable distribution of rank 2. _

The only remaining points in the phase space to be considered are x € P, g% = 0,
g® = 0. The bunch of submanifoldsat x now consists of two manifolds, M} = {g® = 0}
and M2 = {g? = 0}. The Euler-Lagrange distribution A, is weakly horizontal in the
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points of M} where 43 = 0. Along M2, A,, isweakly horizontal and of rank 2, hence
M2 isafinal constraint submanifold at x.

Summarizing the results we get the following picture of the extended dynamics:
extended motion is constrained to the subset

94 (@*=0U{®*=¢>=0)

of the phase space, which is a union of two intersecting closed submanifolds. Along
the submanifold {g?> = 0}, Hamilton extremals are integral sections of the completely
integrable distribution of rank 2, spanned by the vector fields

ad d ad d
9.5 — 4+ —+ P— —.
O3 T T o
i.e., the extended motion there is semiregular and proceeds within two-dimensional
leaves. Along the submanifold {g® = ¢ = 0} we get Hamilton extremals as integral
sections of the completely integrable distribution

d ad a d ad
(96) - T q + (q2)2 1° a.2° a2

ot aqt agt’ 89%’ aq
of rank 3, i.e., the extended motion there is semiregular and proceeds within three-
dimensional |eaves of the corresponding foliation.

(B) Proper dynamics. The system possesses primary semispray constraints which

coincide with the primary dynamical constraints, since

rank B = rank (BJA) if andonly if qg°g® = 0.

This means that we are lead to consider the semispray problem for the subset (9.4)
and the distributions (9.5) and (9.6). We can see that the system possesses secondary
semispray constraints: to a point X € {q? = 0} there is a semispray ¢ such that ¢(x)
belongs to the distribution (9.5) at x if and only if g2(x) = 0. The Euler-Lagrange
distribution constrained to the closed submanifold {q? = g2 = O} isof rank 1, and it is
spanned by the vector field

d d a
9.7 — 13—
O GHaatas
(which is asemispray aong {g?> = ¢ = 0}). The distribution (9.6) on {g® = ¢° = 0}
has a semispray subdistribution of rank 2, spanned by the vector fields

ad ad ad 8
98 S HG¢—G+d 5+ (qz)2 +9-.2
ot og* 9g° og*
where g isafunction on {q°® = g% = 0}.
In other words, the proper motion is constrained to the subset

99 {@*=¢=0U{*=¢*=0}

of the phase space. On the submanifold {g> = §?> = 0} it is regular, described by
the vector field (9.7) (through each point there passes exactly one maximal integral
section = 1-jet prolongation of an extremal). Consequently, on this subset the motion is
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uniquely determined by the initial conditions. On the submanifold {q® = ¢ = 0} it is
weakly regular, described by the vector fields (9.8). Since the distribution (9.8) is not
completely integrable, we do not have afoliation defined by this distribution. However,
since (9.8) is a subdistribution of the semiregular completely integrable distribution
(9.6), the Lagrangian system is in fact strongly semiregular on {gq® = ¢® = 0}, which
means that the prolonged extremals are embedded in the 3-dimensional |leaves of the
foliation of (9.6).

Notice that on the configuration space, the solutions of the Euler-Lagrange equa
tions (extremals) are constrained to the subset {g2 = 0} U {q® = 0}.

10. Constraint structure on a fibered manifold

Inwhat follows, r > 1,1 <k<m-1.
By acongtraint in J'Y we shall mean afibered submanifold of the fibered manifold
mr_1. 1f Qlisacongraintin J'Y, codimQ = k, localy given by the equations

(101) f'=0 1<i<k,

then by definition
f i
(10.2)  rank < 0 0) =k.
a0
Noticethat (10.2) meansthat the equations (10.1) can be “locally solved” with respect to
k of the functions 7. Without loss of generality one may consider the g™**1, ... g™
as functions of the (t,q%, ..., q"_,, qu, e qrm*"). Thus, from the definition one im-

mediately gets that every constraint of codimension k can be covered by a family of
adapted fiber charts (U, x), x = (t,9%,...,9° ., g% ...,g™ K f1 ..., k), where
(t, q%) arefibered coordinates on 7, (U). In particular one has normal charts where Q
is described by the equations

(103) fl=g"™*" —gd'(t,g°,....q%....q" ) =0.
A section y of 7 defined onan openset | ¢ X will be called aholonomic pathin Q
if 'y(x) e Qforevery x e 1.
Consider on Q an atlas A of adapted fiber charts. For every (U, x) € A put
e, =panfe', df' 1 <i <k},
where ¢' are linearly independent 1-forms such that
(104) h¢' = f'dt, 1<i<k

Cu,, isadistribution of rank r m+m-+1—2k on U, in general not completely integrable.
Holonomic integral sections of the distribution Cy ,, i.e. solutions of the “constraint
equations” f' o J'y = 0and their prolongations (df' /dt) o J'*1y = 0, coincide with
the holonomic pathsin @ NU.
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The above construction provides us, for a fixed U, with a family of distributions
Cu,, With the same holonomi c integral secti ons. However, there is a unique and natural
choicefor the ¢'’s, namely ¢' = f' dt + ¢! v, where

(105) ¢, =_—

Such forms will be called constraint 1-forms. The meaning of these forms comes from
the following lemmawhich is proved by an easy computation.

10.1. Lemma [38]. Let F be the canonical morphism of the module Vy (i) of 7-
vertical vector fields on 7, o(U) over the ring of functions on 7, o(U) to the module
Wu (7r,0) Of 7y o-vertical vector fields over the ring of 7, o-projectable functions on U,
defined by

F(3/09°) = 9/9q7, F(98) = (gomo)F ().

One-forms¢', 1 <i <k, onU are constraint 1-formsif and only if for 1 < i < k,
(1) h¢' = f'dt,
(2) p¢' are m; o-horizontal, and
(3) for every w-vertical vector field & on 7, o(U),

(106) i‘]rggoi = iF(g)dfi.

We shall call (10.5) generalized Chetaev expressions, and the corresponding distri-
bution constraint distribution associated with U ; it will be denoted by Cy.

In this way, in a neighborhood of a constraint Q there is a canonical system of
local constraint distributions, subordinate to acover of Q by adapted fiber charts. Along
the constraint Q each of these distributions is tangent to Q, and holonomic paths in
O piecewise coincide with holonomic integral sections of these distributions. Taking
another cover of Q by adapted fiber charts one getsin a neighborhood of the constraint
adifferent system of local constraint distributions. However, by the following theorem,
all these local distributions give rise to a unique (global) distribution on the constraint.

10.2. Theorem [35], [38]. Let @ c J"Y be a constraint. Let {U,},c; be a cover of
Q by adapted fiber charts, and {Cy,} the subordinate system of local constraint distri-
butions. Then for every ¢, k € 1,

CUL = CUK on Unu,noa.

Proof. One hasto show that if ¢ : Q@ — J"Y isthe canonical embedding, and {nP}
and {nP}, 1 < p < 2k, arelinearly independent annihilators of Cy, and Cy, , respectively,
then nP = ZS bgnf for some regular matrix (bf) on U, N U, N Q. Suppose that Q is
defined by f' = 0 and f'.: OonU, and U, r%pectiv_ely. Thenon U, N U,, CSL i__s
spanned by the 1-forms df' and the constraint 1-forms ¢', and CSK is spanned by d f!
and ¢', where

¢ = fldt + ot respectively, @' = f'df + of
= a) N f = —
8q;7 et

@,
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1 <i < k. Sinceat each point x € Q (belonging to U, N U,) both df' and d f' define
the tangent distribution T, Q, we must haved f' (x) = a'j (x)df!, where (a'j) isaregular
matrix. Consequently, since @ = (3G°/99")w", we get

af 097\ i af
(aq:’ )(W) = 08 (W)

where c(x) # 0. Hence, on the constraint submanifold,

- of ag° - 9f!
= — iu Vo' =caj — o
9q, 99 ek

andwearedone. O

*

7

= (ca)) *¢),

The obtained distribution on Q is called the canonical distribution of the constraint,
or Chetaev bundle over Q [38]. Note that corank C with respect to Q isk, and that by
definition

C =amih{*¢', 1 <i < k.
In keeping with the first-order case, horizontal rank 1 subdistributions of C are called

constraint connections. They are locally spanned by constraint semisprays which in
normal coordinates take the form

qu+1 aqp qu

=1 aqr 1
k m—k
9
r'—
Zl 8 m k+| ; aql!

In accordance with [35], [38], the pair (Q, C) where Q isaconstraintin J'Y and C
is the canonical distribution of the constraint is called a constraint structure of order r.
Theideal on Q generated by the 1-forms annihilating the canonical distributioniscalled
the constraint ideal and is denoted by Z(C°). Every p-formon Q, p > 1, belonging to
the constraint ideal isthen called aconstraint p-form.

10.3. Remark (Geometrical models for classical constraints). Let us show relations
of the above model of constraints with some frequently used geometric representations
of classicd (i.e., holonomic and linear non-holonomic) constraints.

(i) Constraints which are realized as a fibered submanifold Qg of Y of codimension
k < m are called holonomic. Locally they are given by equationsu'(t,q%) = 0, 1 <
i < k, such that rank (3u' /8q°) = k. Within our scheme this meansthat f' = du' /dt,
and

= G aqdw _nlodu
i.e., al the constraint 1-forms are 3 o-projectable and closed. Consequently, the cor-
responding constraint ideal is a differential ideal, the canonica distribution C is com-
pletely integrable, and along J*Qy it is nothing but the tangent distribution T J1Q,.
Its projection is the tangent distribution to Qo, giving sense to the classical concepts
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of degrees of freedom, possible displacements, and virtual displacements defined to be
the dimension of the manifold Qg, the tangent distribution to Qg, and its x-vertical
subdistribution, respectively. The constraint structure for holonomic systems becomes
(J1Qo, TJ1Qp).

(ii) Consider a completely integrable distribution D of corank k < m on Y. This
means that in a neighborhood of every point in Y there are k linearly independent 1-
formsdu' spanning the annihilator D°. Such adistribution represents constraints usually
called semiholonomic or linear integrable (referring to the equations of the constraints
which are affine in velocities). In our notations, f' = du'/dt, ¢' = 77 ,du’. Thus,
the constraint 1-forms are i1 o-projectable and closed, i.e., the corresponding constraint
ideal is a differential ideal, and the corresponding constraint distribution is completely
integrable and projects onto D. The constraint structure on J1Y is (Q, C), where Q is
locally defined by

du'  au' N au'
dt — at  aqg°

q°=0 1<i<Kk,

and C% = span{i*zr} du’, 1 <i < k.

(iii) The constraints are given by a distribution D of corank k < mon 'Y which is
not supposed to be completely integrable. They are called simple non-holonomic [35]
or linear nonintegrable. Denote D° = span{n' = a' dt + b} dg?, 1 < i < k}. Thenin
our notations,

(pi = nf’oni = (ai + bj,q") dt + bj,a)", fl=a + qua,

i.e., the constraint 1-forms are 1 o-projectable (the corresponding constraint distribu-
tion projects onto D). The constraint structure on JY is (Q, C), where Q is locally
defined by

a +bg =0 1<i<k,

and C° = span{v*y n', 1 <i <Kk}

11. Constrained systems

With help of the canonical distribution, mechanical systems subject to constraints
can be intrinsicaly characterized as mechanical systems on constraint submani-
folds[38].

If [o] is @amechanical system on JS~1Y, s > 2, corresponding to a dynamical form
E of order s, one can consider a constraint submanifold of J'Y withr > 1, possibly
different from s — 1. First, let us suppose that constraints are given on the phase space
JS~1Y where the unconstrained dynamics proceeds.

Let [«] be amechanical system on JS~1Y, and let (Q, C) be aconstraint structure on
Js~1Y. Denote by : the embedding of Q into JS~Y, and by Z(C°) the constraint ideal
on Q. For « € [«] put

(111) g =*a modZ(CY),
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and denote by [« o] the mechanical system generated by the class «g. Hence, by defi-
nition, every element of the class [« o] isa2-form on Q equa to

*a + constraint 2-form 4+ 2-contact 2-form.

It is easy to see that if g, a2 € [&] then [(x1)o] = [(a2)0]. This means that by
(11.1) we have assigned to a mechanical system on JS~1Y amechanical system on the
constraint Q. Naturally, we shall call the class [« ] the constrained system related to
the mechanical system [«] and the constraint structure (Q, C).

The following proposition brings an intrinsic form of the equations of motion of the
constrained system.

11.1. Proposition [38]. Let [«] be a mechanical system on JS~1Y, (Q,C) a con-
straint structure on JS~1Y, and [ag] the corresponding constrained system. A section
y of  isa path of the constrained system [« o] if and only if J5~1y isanintegral section
of the canonical distribution C, and for every m5_;-vertical vector field & € C it satisfies
the equation

(112) I y*icag =0,
where ag is (any) 2-form belonging to [ao].

We shall find a coordinate expression for the constrained system [«o] [38]. Let x €
Q beapoint and consider fibered coordinates (t, q°, a7, ..., q_,) inaneighborhood U

of x. For simplicity, suppose that the constraint Q isin U given by equationsin normal
form,

m—Kk+i

fl=q " —d'(t.g°,....0l 1, ....q0) =0, 1<i=<k
First of al, notice that on U we have the following basis of 1-forms:

1 mfk 1 k o o
(dt,a),. N AN - N S

(11.3)
dqg_l,.. ,dg <, dft, ... dfk),

where (¢, df'), 1 < i < k, are generators of the constraint codistribution CJ on U,

m—k

(114) ¢ = (qP " —d')dt - Z
|= aqs 1

Expressing arepresentative « of the class[«] in the basis (11.3) using

agl a)l +wmfk+i

wm—k+i — o (q;n lk+| - dt + Z

dqm K+i _dfl +dgi,

computing ¢*« and omitting constraint forms and 2-contact forms we get a representa-
tive of the constrained system [« o] in the form

qsl

m—k

m—k
(115) ao=) Ao adt+ )" Bl adal,,

1=1 I, p=1
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where
g
A = (A|Ot)+Z(Am ket oo—.
i=1 qs 1
ag dg
+Z(BI m—K+j OL) + Z(Bm k+i,m—k+j © ot) ? g
= 90s_4 dt’
(11.6) g
—(Blpoz)+Z<B.m i oo p
= S 1
ag ag  ag
+ ) (Bmktipot) —— + (Bm—k4i,m—ksj 0 ) —7— ,
; m—Kk+i, p 3q|5_1 i,jz:l m—k+i,m—k+j 8q|s_:L 8qsp_1
and

—2 i

m—
dt = 8t Z 0 I’+1 pX:

=0 r

aqs 1

Now, the equations of motion of the constrained system [«o] have the following
form of amixed system of m — k ODE of order s

m—k

(1.7) A +) Bjgl =0 aong I,
=

and k ODE of order s — 1, f o J5"1y = 0, for the components y%, ... y™ of sections
y of .

Another family of non-holonomic systems is characterized by the property that the
constraints depend on higher derivatives than those corresponding to the phase space.
In particular, a problem of this kind has been originally studied within classical me-
chanics (s = 2) when constraints on accelerations have been considered (r = 2) [11],
[13], [19], [48], [58], [59], and others. Within our approach this case, however, can be
viewed as a particular case of constrained systems studied above.

If E e Azf(JSY) isadynamical form, [«] itsLepageclass,and Q@ Cc J'Y,r > s,a
non-holonomic constraint, we put

ag =U'n's o modZ(CY),

and we call the arising class [« o] the constrained system, related to the mechanical sys-
tem [«] on JS~1Y and the constraint structure (Q, C) on J"Y. Now, equations of motion
in both the intrinsic and coordinate form are obtained anal ogously to the preceding case.

Finaly, it remains to investigate the caser < s — 1. Consider a non-holonomic
constraint Q, c J"Y, and suppose that locally it is given by the equations

u(t,q%,....q°) =0.
Q; naturally prolongs to a submanifold P of JS~1Y, given by the equations

. . du ;o dst
(11.8) u =0, u_ = d_tr =0, ..., U ,= dtT“r =0
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Put f' = ul_,. The submanifold Q of JS~1Y given by the equations f' = 0isanon-
holonomic constraint of order s — 1, and P C Q. Denote by ¢p and ¢ the canonical
embedding ? — Q and Q — JS~1Y, respectively. The canonical distribution C on Q
is spanned by the 1-forms

|

- au - .
(119 o' = <8q:’ o L) w’ =0T, o, 1<i<k,
r

where ¢! are the congtraint 1-forms referring to Q,. Denote by Cp the subdistribution
of the canonical distribution C, restricted to 7, which is tangent to P. In other words,
for every x € P, put

(11.10) Cp(x) = C(X) N Ty P.

Cp will be called the induced canonical distribution.

11.2. Proposition [38]. Ateveryx € P,
(1111) € = 3C° = span{ipi*e' ).

Proof. Let& € Cp(X). Thenigih*g' (X) = 0, since & € C. Conversely, let & €
T, P annihilate C% at x. Then ig "¢ (X) = 1*¢' () (&) = tht*0! (&) = 0, ie,
& € C(X). Consequently, & e CX) N TP. O

Let [«] beamechanical systemon J5-1Y. If ag isarepresentative of the constrained
system [a o] on Q related to [«] and the constraint structure (Q, C), put

(11.12) ap = ihag ModZ(C2)

Due to Proposition 11.2, the class [«o] is pulled back to the class [«p], hence, this
procedure gives us a constrained system on P, related to the mechanical system [«] on
Js~1Y and the non-holonomic constraint Q, ¢ J"Y. The equations of motion are now
easily obtained in the following form:

11.3. Proposition. Let [«] be a mechanical systemon JS~1Y, O, a non-holonomic
constraint in J'Y, 1 <r < s— 1. Let as above, (P, Cp) be the induced constraint
structure on JS1Y. Asectiony : | — Y of 7 isa path of the constrained system [ap]
if and only if J5~1y (1) C P, and for every ns_;-vertical vector field & € Cp and every
ap € [ap] suchthat 35~y (1) Ndomayp # ¢, it satisfies the equation

(11.13) I Yy*izap =0.

Propositions 11.1 and 11.3 mean that dynamics of constrained systems can be repre-
sented by means of distributions on the constraints. Namely, by a constraint dynamical
distribution A, we understand a subdistribution of the canonical distribution C, anni-
hilated by means of the 1-formsizag, where & runs over al vertical vector fields on
@ belonging to C. Now, Hamiltonian extensions of constrained systems can be studied.
In analogy with the unconstrained case, by constraint Hamilton paths we understand
integral sections of constraint dynamical distributions.

The concept of regularity, resp., semiregularity for constrained systemsisintroduced
and studied in the same way as in the unconstrained case, providing analogous results.
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Notice that a constrained system related with a regular mechanical system need not
be regular, and conversely, a singular mechanical system may become regular under a
suitable constraint. In particular, notice that all constrained systems which arise from
mechanical systems of order s — 1 and are subject to constraints of order greater than
s — laresingular (as mechanical systemson Q C J'Y).

Applying the theory of Lagrangian systems to constrained systems we immediately
get the following results:

11.4. Theorem. A constrained system[«] isLagrangianif and only if the class [« ]
contains a closed representative.

11.5. Corollary. A constrained system arising from a Lagrangian system is La-
grangian.

11.6. Mechanical systems with holonomic constraints. Within the presented set-
ting, higher-order holonomic systems can be easily treated as a particular case of non-
holonomic systems (cf. [38]).

Recall that a holonomic constraint (or a systemof k (k < m) independent holonomic
constraints) is a fibered submanifold of codimension k in the fibered manifold = :
Y — X.

Leti: Qo — Y beaaholonomic constraint of codimension k. Then at each point
x € Y thereisachart (U, x), x = (t,q* ...,g™ ¥ ul, ..., uX) suchthat QqgisonU
defined by the egquations

u=0 1<i<k,

and the functions u' satisfy the condition

i
(11.14) rank ( ai) —k
aq

The submanifold Qg of Y prolongs to a submanifold P = J51Q, c JSY of the
codimension sk. J5~1Qy islocally defined by the equations
: du' ds—tu! .
UIZO, EZO, ey FZO, 1§|§k,
i.e., it can be covered by adapted fiber coordinates (t, g/, ul), q{, uh, ..., qs‘:_l, i),
wherel<j<m-k,1<i=<k,and

_d_ul fizu' ds—lui
dt, cey =

In this way, J5~1Qq is a submanifold of the non-ho_lonomic constraint @ ¢ JSY of
codimension k, locally defined by the equations f' = 0, 1 < i < k. Using similar
notations as above, wehave: : Q — J571Y, 1p : I51Qp — Q,and I3 Lig =t o tp.

| —
s—1— W

Theorem.

Cp =TJI1Q,.
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Proof. If Qg is a holonomic constraint, we get for the constraint 1-forms on the
associated non-holonomic constraint Q ¢ Js~1Y,
* aui o

L(p:aqca).

Hence, for the canonical distribution C on Q we have C° = span{r*nZ ; , pdu'}. Now,
the induced canonical distribution C» on P = J51Q is annihilated by the 1-forms
Il = I NE pdu = JSLgdu’ — IS Lghdu' = O, since along JSLi the
equationsu' = 0 and du'/dt = 0 hold. ThusC% = {0}, and wearedone.  [J

The above theorem means that holonomic constraints are not “true” constraints,
since they induce no constraints in the tangent bundle to the constraint submanifold.
As a consequence we get the well-known result saying that holonomic constrained sys-
tems are nothing but pull-backs of unconstrained systems to the corresponding fibered
submanifolds. More precisely, for a holonomic constrained system on J$~1Q, we have

ap = I3,

where o represents the unconstrained system on JS1Y.

Now it is easy to seethat if the unconstrained mechanical system is Lagrangian, and
X isits (possibly local) Lagrangian of order r (i.e., if theclass[«] on JS~1Y hasaunique
closed representative locally equal to dé,), we have

Corallary.

ap = Js_lt(”gdek =d Js_lt’{)@x = dOyrz.

11.7. Semiholonomic constraints. A nonholonomic constraint in J'Y is called
semiholonomic of degree p if

. dPU!
film Y
dtP

for some functions u', 1 < i < k. Since semiholonomic constraints represent a partic-
ular case of non-holonomic constraints, the geometric setting for mechanical systems
subject to semiholonomic constraints (of any order and degree) is quite obvious and
means no difficulties at all.
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